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Abstract

The First Hilbert problem is studied in the paper by applying instru-
ments: a new methodology distinguishing in mathematicpaib and math-
ematical languages used to describe these objects; andrzunesval system
allowing one to express different infinite numbers and tothese numbers
for measuring infinite sets. Several counting systems &entato consid-
eration. It is emphasized in the paper that different mattaral languages
can describe mathematical objects (in particular, setdl@dumber of their
elements) with different accuracies. The traditional drelnew approaches
are compared and discussed.
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1 Introduction

The First Hilbert problem belongs to the list of famous 23 mathematical problems
that have been announced by David Hilbert during his lecture delimstme the
International Congress of Mathematicians at Paris in 1900 (see [8) pfidblem

has the following formulation.

*Yaroslav D. Sergeyev, Ph.D., D.Sc., is Distinguished ProfesstirealUniversity of Calabria,
Rende, Italy. He is also Full Professor (part-time contract) at the Mbatchevsky State University,
Nizhni Novgorod, Russia and Affiliated Researcher at the Institute ofi Rigrformance Comput-
ing and Networking of the National Research Council of Itahar o@i . dei s. unical .it,
http://wwi nfo.deis.unical.it/~yaro

TThe author thanks the anonymous reviewers for their useful suggestio



Cantor’s problem of the cardinal number of the continuum

Two systems, i.e., two assemblages of ordinary real numbers or points,
are said to be (according to Cantor) equivalent or of equal cardinal
number, if they can be brought into a relation to one another such that
to every number of the one assemblage corresponds one and only one
definite number of the other. The investigations of Cantor on such
assemblages of points suggest a very plausible theorem, which never-
theless, in spite of the most strenuous efforts, no one has succeeded in
proving. This is the theorem:

Every system of infinitely many real numbers, i.e., every assemblage
of numbers (or points), is either equivalent to the assemblage of nat-
ural integers, 12,3, ... or to the assemblage of all real numbers and
therefore to the continuum, that is, to the points of a line; as regards
equivalence there are, therefore, only two assemblages of numbers,
the countable assemblage and the continuum.

From this theorem it would follow at once that the continuum has the
next cardinal number beyond that of the countable assemblage; the
proof of this theorem would, therefore, form a new bridge between
the countable assemblage and the continuum.

Let me mention another very remarkable statement of Cantor’s which
stands in the closest connection with the theorem mentioned and which,
perhaps, offers the key to its proof. Any system of real numbers is said
to be ordered, if for every two numbers of the system it is determined
which one is the earlier and which the later, and if at the same time this
determination is of such a kind that,dfis beforeb andb is beforec,

thena always comes before The natural arrangement of numbers of

a system is defined to be that in which the smaller precedes the larger.
But there are, as is easily seen infinitely many other ways in which the
numbers of a system may be arranged.

If we think of a definite arrangement of numbers and select from them
a particular system of these numbers, a so-called partial system or
assemblage, this partial system will also prove to be ordered. Now
Cantor considers a particular kind of ordered assemblage which he
designates as a well ordered assemblage and which is characterized
in this way, that not only in the assemblage itself but also in every
partial assemblage there exists a first number. The system of integers
1,2,3,...intheir natural order is evidently a well ordered assemblage.
On the other hand the system of all real numbers, i.e., the continuum in
its natural order, is evidently not well ordered. For, if we think of the
points of a segment of a straight line, with its initial point excluded, as
our partial assemblage, it will have no first element.



The question now arises whether the totality of all numbers may not
be arranged in another manner so that every partial assemblage may
have a first element, i.e., whether the continuum cannot be considered
as a well ordered assemblage - a question which Cantor thinks must be
answered in the affirmative. It appears to me most desirable to obtain
a direct proof of this remarkable statement of Cantor’s, perhaps by
actually giving an arrangement of numbers such that in every partial
system a first number can be pointed out.

Thus, this problem asks about two questions: (i) Is there a set whatinaliy
is strictly between that of the natural numbers and that of the real numigérs?
Can the continuum of real numbers be considered a well ordered set?

The question (i) has been stated by Cantor and its answer ‘no’ has tdeen a
vanced as the Continuum Hypothesisodel (see [5]) proved in 1938 that the
generalized continuum hypothesis is consistent relative to Zermelo-detasst
theory. In 1963, Paul Cohen (see [3]) showed that its negation is atsistent.
These results are not universally accepted as the final solution to then@on
Hypothesis and this area remains an active topic of contemporary reqsas
e.g., [17, 18]). The modern point of view on the second question tells tlgt it
related to Zermelo's axiom of choice that was demonstrated to be indepafden
all other axioms in set theory, so there appears to be no universally wdlitios
to the question (ii) either.

In this paper, we look at the First Hilbert problem using a new approach in
troduced in [13]-[16]. The point of view on infinite and infinitesimal quantitie
proposed in it uses two methodological ideas borrowed from the modgsidBh
relativity and interrelations between the object of an observation and theded
for this observation. The latter is applied to mathematical languages used to de-
scribe mathematical objects and the objects themselves.

In the next section, we give a description of the methodological princigles o
the new approach to the interplay between the counting systems and the objects
these systems express (a comprehensive introduction and examples sHgées u
can be found in [14, 15]).

2 Counting systems and the relativity of mathematical
languages

The results proved for the First Hilbert problem bpd&l and Cohen discuss how
the Continuum Hypothesis is connected to Zermelo—Fraenkel set thduary, the
problem has been considered in two logical steps: (i) efforts have ine€ele to
understand what is an accurate definition of the concept ‘set’; (ii) tipethesis

was studied using this definition. Such a way of reasoning is quite common in
Mathematics. The idea of finding an adequate set of axioms for one oreaufield

of Mathematics is among the most attractive goals for mathematicians. Usually,



when it is necessary to define a concept or an object, logicians try to urckecal
number of axioms describing the object. However, this way is fraught witlyela
because of the following reasons.

First, when we describe a mathematical object or concept we are limited by
the expressive capacity of the language we use to make this descriptidche r
language allows us to say more about the object and a weaker languagge — le
Thus, the incessant development of the mathematical (and not only mathemati-
cal) languages leads to the continual necessity of a transcription andrtherfu
specification of axiomatic systems. Second, there is no guarantee thabench
axiomatic system defines ‘sufficiently well’ the required concept and &iragad
comparison with practice is required in order to check the goodness af¢bptad
set of axioms. However, there cannot be again any guarantee thavtheersion
will be the last and definitive one because we do not know which new raletied
to the studied object will be discovered in the future. Finally, the third limitation
has been discovered byd@el in his two famous incompleteness theorems (see [4]).

Thus, if we return to the subject of the First Hilbert problem, we should ob-
serve that people successfully measured finite sets for centuries wiiténng a
‘precise’ definition of the notion ‘set’. Moreover, the possibility itself ofigg
such a definition is questionable (in fact, scientific debates in this areatfeesgs
e.g., [17, 18])). In this paper, we propose a new point of view on that Hitbert
problem by concentrating our attention on various processes of coamthgnath-
ematical languages used for this purpose.

We start by noticing that in linguistics the relativity of descriptions of the world
around has been formulated in the form of the Sapir-Whorf thesis (s&¢$210,

12]) also known as the ‘linguistic relativity thesis’. As becomes clear from its
name, the thesis does not accept the idea of the universality of languagtal-
lenges the possibility of perfectly representing the world with languageuseat
implies that the mechanisms of any language condition the thoughts of its speaker

In this paper, we study the relativity of mathematical languages in situations
where they are used to observe and to describe finite and infinite setgs fiedt
illustrate the concept of the relativity of mathematical languages by the follow-
ing example. In his study published 8tiencegsee [6]), Peter Gordon describes
a primitive tribe living in Amazonia — Pirégh— that uses a very simple numeral
systen% for counting: one, two, ‘many’. Sometimes they use the numerals |, I,
and Il to indicate these numbers. For P&ahll quantities larger than two are just
‘many’ and such operations as 2+2 and 2+1 give the same result, i.e., :nBny
using their weak numeral system Pigadre not able to see, for instance, numbers
3, 4, and 5, to execute arithmetical operations with them, and, in generaly to sa
anything about these numbers because in their language there are neittisr

IWe remind thanumeralis a symbol or group of symbols that representsimber The differ-
ence between numerals and numbers is the same as the differencerbetwvds and the things they
refer to. Anumberis a concept that aumeralexpresses. The same number can be represented by
different numerals. For example, the symbols ‘10, ‘ten’, and ‘¥ different numerals, but they all
represent the same number (see [9] for a detailed discussion).



nor concepts for that. As a consequence, when they observe a/sej tiaee ele-
ments and another set having 4 elements their answer is that both sets haye ‘ma
elements.

It is important to emphasize that their answer ‘many’ is correct in their lan-
guage and if one is satisfied with its accuracy, it can be usedgarsg:doy Pirald)
in practice. Note that also for us, people knowing that2= 3 and 2+ 2 = 4, the
result of Piral is not wrong, it is jusinaccurate Thus, if one needs a more pre-
cise result than ‘many’, it is necessary to introduce a more powerful mettieal
language (a numeral system in this case) allowing one to express thescegnir
swer in a more accurate way. By using modern powerful numeral systém@ew
additional numerals for expressing the numbers ‘three’ and ‘fouré ieen intro-
duced, we can notice that within ‘many’ there are several objects andithkears 3
and 4 are among them. Therefore, these numbers can be used fosyarnposes,
in particular, for counting the number of elements in sets.

Among other things this example shows us that a mathematical language can
contain numerals required to formulate a question but not the numerals that ca
express the corresponding answer with the desired accuracy. thieushoice of
the mathematical language depends on the practical problem that is to be solve
and on the accuracy required for such a solution. In dependencis attturacy, a
numeral system that would be able to express the numbers composing e ans
(and the intermediate computations, if any) should be chosen.

Such a situation is typical for natural sciences where it is well known that
instruments bound and influence results of observations. When physesta
black dot in their microscope they cannot say: The object of the oltgmmia
the black dot. They are obliged to say: the lens used in the microscope akows u
to see the black dot and it is not possible to say anything more about the natur
of the object of the observation until we change the instrument - the lensor th
microscope itself - by a more precise one. Then, probably, when a stréens
will be put in the microscope, physicists will be able to see that the object that
seemed to be one dot consists of two dots.

Note that both results (one dot and two dots) correctly represent thitg veith
the accuracy of the chosen instrument of the observation (lens). Rityslecide
the level of the precision they need and obtain a result depending on ¢serch
level of the accuracy. In the moment when they put a lens in the microsttegye,
have decided the minimal (and the maximal) size of objects that they will be able
to observe. If they need a more precise or a more rough answer, thagelthe
lens in their microscope. Analogously, when mathematicians have decided whic
mathematical languages (in particular, which numeral systems) they will use in
their work, they have decided which mathematical objects they will be able to
observe and to describe.

In natural sciences, there always exists the triad — the researchebjtvt
of investigation, and tools used to observe the object — and the instruresht us
to observe the object bounds and influences results of observatidres.same
happens in Mathematics studying numbers and objects that can be comnkkycte
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using numbers. Numeral systems used to express numbers are amongenssru
of observations used by mathematicians. The usage of powerful nusystams
gives the possibility of obtaining more precise results in Mathematics in the same
way as the usage of a good microscope gives the possibility to obtain maoisegre
results in Physics.

Let us now return to Pirghagain. Their numeral system has another interesting
feature particularly interesting in the context of the study presented in thexpa

‘many’+1="many’, ‘many’ +2=‘many’, ‘many’+‘many = ‘many’. (1)

These relations are very familiar to us in the context of our views on infingg us
in the Calculus

wil=wm,  wt2=m  ofo=cw )

Thus, the modern mathematical numeral systems allow us to distinguish larger
(with respect to Pirad) finite numbers but when we speak about infinite numbers,
they give results similar to those obtained by P&raRormulae (1) and (2) lead us

to the following observationProbably our difficulty in working with infinity is not
connected to the nature of infinity but is a result of inadequate numesat s\

used to express infinite numbers.

This remark is important with respect to the First Hilbert problem because its
formulation and its investigations executed so far used mathematical instruments
developed by Georg Cantor (see [1]) who has shown that there eftistarsets
having different number of elements. In particular, the First Hilbert lzroldeals
with two kinds of infinite sets — countable sets and the continuum. Cantor has
proved, by using his famous diagonal argument, that the cardinaliyof the set,

N, of natural numbers is less than the cardinaltypf real numbers € [0, 1].

Cantor has also developed an arithmetic for the infinite cardinal numbere So

of the operations of this arithmetic including numeralgandC are given below:

Oo+1 =0y, Oo+2 =0y, (3)
C+1 =C, C+2 =C, C+0p =C. 4)

Again, it is possible to see a clear similarity with the arithmetic operations used
in the numeral system of Pirah This similarity becomes even more pronounced
when one looks at the numeral system of another Amazonian tribe — Mukidur
— who fail in exact arithmetic with numbers larger than 5 but are able to compare
and add large approximate numbers that are far beyond their naming (seee
[11]). Particularly, they use the words ‘some, not many’ and ‘manyiyrezany’
to distinguish two types of large numbers. It is sufficient to substitute in 43), (
these two words with the numerdls, andC, respectively, to have an idea about
their arithmetic.

Thus, the point of view on Mathematics, and, in particular, on humbers and
sets of numberdN,Z, R, etc.) used in this paper follows natural sciences and con-
sists of the following. There exist mathematical objects (e.g., numbers anaf sets
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numbers) that are objects of the observation. There exist differem¢ral systems
(instruments of the observation) allowing us to observe certain humbergythro
numerals belonging to these numeral systems, to execute certain operdttons w
them, and, in particular, to use these numerals for measuring sets of nuifhers
researcher (the observer) is able to view only those numbers thatiéte thsough
numerals available in one or another numeral system. Sometimes a fixed numeral
system,s1, allows the researcher to obtain a precise answer that cannot be im-
proved by the usage of a more sophisticated numeral systerand sometimes

the introduction ofs, allows him/her to improve the accuracy of the result.

For example, let us indicate the numeral system of Rieay, and the numeral
system of Mundurult ass,,. Then the accuracy of expression of the numbers 1
and 2 bys, cannot be improved by switching to the usagesgf. However, the
accuracy of the answer ‘many’ can be improvedshy when numbers less than six
are observed. The systesy,, in its turn, starts to give inaccurate answers when
one starts to use it to observe numbers larger than five. Modern nurgsteis
(including numeralso, g, 01, C, t, etc.) can improve this accuracy for large
finite numbers but start to give inaccurate answers when infinite (anitésiimal)
numbers should be observed.

This clear separation between mathematical objects and mathematical langua-
ges used to observe and to describe these objects means, in partictfeonthhis
point of view,axiomatic systems do not define mathematical objects but just deter-
mine formal rules for operating with certain numerals reflecting only soraeglt)
properties of the studied mathematical objeéter example, axioms for real num-
bers are considered together with a particular numeral systesed to write down
numerals and are viewed as practical rules (associative and commutafpesties
of multiplication and addition, distributive property of multiplication over addition,
etc.) describing operations with the numerals. The completeness propetsris in
preted as a possibility to exterdwith additional symbols (e.gg, T, /2, etc.)
taking care of the fact that the results of computations with these symbols agre
with the facts observed in practice. As in Physics, it becomes impossible to say
anything about the object of the observation without the usage of anrimestitLof
the observation. In case of mathematical objects, the used mathematicagesgua
(including numeral systems) are among these instruments.

Another important consequence of the understanding of the existentatiof
ematical objects and their separation from tools of the observation confsikts o
fact that it is necessary to be very careful when one speaks aptsutfsnumbers.

In particular, when we speak about sets (finite or infinite) we should et out

tools used to describe a set. In order to introduce a set, it is necessameta tan-
guage (e.g., a numeral system) allowing us to describe its elements and the numbe
of the elements in the set. For instance, the set

A={1,2,3,4,5} )

cannot be defined using the mathematical language of#&irah



Such words as ‘the set of all finite numbers’ do not define a set compfedety
our point of view, as well. It is always necessary to specify which imséuots
are used to describe (and to observe) the required set and, asequense, to
speak about ‘the set of all finite numbers expressible in a fixed numestns’.

For instance, for Pirdh‘the set of all finite numbers’ is the séi,2} and for
Mundurukl ‘the set of all finite numbers’ is the satfrom (5). In modern numeral
systems there exist similar limitations and hence our possibilities to write down
numbers are limited (e.g., it is not possible to write down in a positional numeral
system any number that has'#®digits?. We emphasize again that, as it happens
in Physics, the instrument used for an observation bounds the possibilite of
observation. It is not possible to say how we shall see an object ofbmereation

if we have previously not clarified which instruments are to be used to &xéuwel
observation.

Thus, we have emphasized in this section that there exists the cruciatddéer
between numbers and numeral systems used to observe them and, asig|digo
tween sets of numbers and sets of numerals used to observe them. Atlwanee
temporary numeral systems enable us to distinguish within ‘many’ various large
finite numbers. As a result, we are able to use large finite humbers in compu-
tations, to construct mathematical models involving them, and, in particular, to
measure large finite sets. Analogously, it can be expected that if we wewtle
to distinguish more infinite numbers we could execute computations with them and
measure infinite sets.

3 Mathematical objectsdiscussed in the First Hilbert
problem and the accuracy of mathematical languages
used for their description

Let us start by making some observations with respect to the formulation of the
part (i) of the First Hilbert problem (see Introduction). It uses the nmatieal
language developed by Cantor and considers real numbers, natoraérs, cardi-
nal numbers, countable sets, and the continuum. In the formulation theraig/no
distinction between objects of the observation (infinite sets and numbershend
mathematical language used for the observation (in particular, the wardst‘c
able sets’ and ‘continuum’). Let us reconsider mathematical objects andral
systems involved in the formulation of the problem by concentrating our attention
on this distinction.

The real numbers are understood in the formulation (see page 2) to be ‘the
points of a line’. Then, the existence of the continuum has been demoddisate
Cantor using the diagonal argument working with a positional represemtatio

2lt is interesting that this problem was clear to Archimedes. In his Wdrk Sand Reckonein
order to express huge numbers he had invented new numerals. ies@ssary because the ancient
Greeks used a simple system for writing numbers using 27 differentdaifdhe Greek alphabet.
This system did not allow Archimedes to write down huge numbers he wish&drk with.



points
(\a1@pa3...8-18@+1...)b (6)

in the unitary interval where the symbloindicates a finite radix of the positional
system and symbolg,0 < g < b—1, are called digits. Thus, the object of the
observation — the set of real numbers over the unitary interval — iswdgs#rough
the positional numeral system (6) with the rabix

Then the numeral system of infinite cardinals is used to observe infinite num-
bers and to measure infinite sets. In particular, two cardinal infinite nunasers
pressed by the numerdls, andC are used to measure the infinite sets of natural
and real numbers in the formulation of the First Hilbert problem.

Let us make some important observations. First, Cantor has proved, ¢hat th
number of elements of the sitis smaller than the number of real numbers at the
interval[0, 1) without calculating the latterSecond, he worked with the numerals
(6) supposing that they represetitreal numbersover the unitary interval. Third,
he has also proved that the introduced num@iialthe cardinality also of the whole
real line.

However, as it has been discussed in the previous section, the arithniegjc us
numeralslly andC clearly indicates that the accuracy of this numeral system is
not satisfactory when it is necessary to measure infinite sets (e.g., addithon o
element to any infinite set cannot be registered, see (3), (4)). Thisralsystem
allows us to distinguish sets having ‘some, not many’ elements from the séatghav
‘many, really many’ elements but does not give any possibility to distinguish the
measure of set® andD if both D andD have ‘some, not many’ elements or both
D andD have ‘many, really many’ elements.

Let us consider, for example, the set of integ&rsand the set of natural num-
bers,N. The result saying that both of them have the same cardinal numger
can be viewed as an indication of the fact that the numeral system of aksrdin
too weak to discern the difference of the number of elements of these twd\sets
analogous comment can be made with respect to the facCtisathe cardinality
of both the set of all real numberR, and the set of real numbers over the unitary
interval being a proper subset&f

Thus, a more powerful numeral system that would allow us to capturedifese
ferences is required to measure infinite sets. Recently, a new numemhdyas
been developed to express finite, infinite, and infinitesimal numbers in aauniqu
framework (a rather comprehensive description of the new methodolkgype
found in the survey [15]). The main idea consists of measuring infinite and in
finitesimal quantities by different (infinite, finite, and infinitesimal) units of mea-
sure using a new numeral.

A new infinite unit of measure has been introduced for this purpose as the
number of elements of the s&t of natural numbers. It is expressed by a new
numerald calledgrossone The new approach does not contradict Cantor and can
be viewed as an evolution of his deep ideas regarding the existence erediff
infinite numbers in a more applied and precise way.



In the new numeral system usiig} it becomes possible to express a variety
of numerals that allow one to observe infinite positive integers and to use them
for measuring certain infinite sets. As a consequence, the new numstahsy
allows us to improve the accuracy of measuring infinite sets in comparison with
the numeral system using cardinals introduced by Cantor. For instarittén w
the countable sets it becomes possible to distinguish the following sets having the
different number of elements: the set of even numbers%@ements; the set of
integers/Z, has Z1+1 elements; the séi_ = N\ {x}, x€ N, hasl] — 1 elements;
the setN, = N{U{y}, y¢ N, hasO + 1 elements; and the set

P={(a,a):a1 €N, ap e N}

hasO? elements. Another example of the usage of the new numerals can be given
for the seB = {3,4,5,69} U(B1NB3), whereB; C N, B, ¢ Nand

B, ={4,9,14,19,24,.. }, B, = {3,14,2536,47,...}.

As it has been shown in [15], the s&has% + 3 elements.

With respect to the sets that were indicated by Cantor as having cardinality of
the continuum the new approach also allows one to obtain more precise egglilts
to notice that among sets having cardinaftyhere exist sets having the different
infinite number of elements. First of all, it can be shown (see [15]) that nalse
(6) do not represerdll real numbers within the unitary interval. They represent
only those numbers that can be expressed by the numerals (6) thatdhevere
than grossone digits. For instance, the irrational numgecannot be expressed
in it because even grossone digits are not sufficient to exgristhe positional
numeral system (see [15]).

Moreover, the new approach allows us to show that the numbgrf all
numerals expressible in the form (6) are different depending on tlive lbaathd to
calculate thah, = b”. For instance, the binary numeral systdm=(2) contains
n, = 2" numerals. This is smaller than, for example, the number of numerals
expressible in the decimal positional system hauwmg= 10" numerals. As a
result, the binary numeral system can express less numbers than thelds@ma
Itis important to emphasize that for any finiie- 1 all of the obtained numbers;,
are larger thaiJ being the number of elements of the €8f,0f natural numbers.
This fact can be viewed as a further specification of the results obtajn€diitor.

We can also consider positional numeral systems having an infinite number of
positionsk in (6) such thak < 0. Then these sets will have less tHamumerals.

For instance, fok = [0/2, we have the following numeral system

(.a1@p@3...a051-18050)b

that contain$”/2 numerals.
Another important particular case can be obtained from the solution to the
equationb® = [0 that tells us that the positional numeral systems hakine-
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[logy(0)] andkz = [log, ()] + 1 positions in their numerals can expregs< O,

andy, > 0 numbers, respectively, whejd is the integer part afi. The positional
numeral system with the numerals haviadgligits is of special interest in the con-

text of the Continuum Hypothesis and we caltittical value This terminology

is used because even though in this case we deal with a positional system with
numerals consisting of an infinite number of digits, the quangityof numerals
expressible in this numeral system is less than the number of elements of the set
of natural numbers. By a complete analogy critical values can be calculated
only with respect to grossone but for other infinite integers, as well. FEbarice,

this can be done fdrl /2 (the number of elements of the set of even numbers), for
20 + 1 (the number of elements of the set of integers), etc.

Let us notice now that other numeral systems can be used to expressgboints
an interval (see [15]) and that the new methodology allows us to introdocaa
physical concept of continuity (see [16]). Recall that in Physics, ¢tbatinuity’
of an object is relative. For example, if we observe a table by eye, theeavit as
being continuous. If we use a microscope for our observation, we aeththtable
is discrete. This means that decidéhow to see the object, as a continuous or as a
discrete, by the choice of the instrument for the observation. A weak mstrt—
our eyes —is not able to distinguish its internal small separate parts (e.g.uhaslec
and we see the table as a continuous object. A sufficiently strong microslbops
us to see the separate parts and the table becomes discrete but eachrsmal pa
is viewed as continuous.

In contrast, in traditional mathematics, any mathematical object is either con-
tinuous or discrete. For example, the same function cannot be both caminuo
and discrete. Thus, this contraposition of discrete and continuous in thigomal
mathematics does not reflect properly the physical situation that we ebierv
practice. The numeral system including grossone gives us the possibiti-to
velop a new theory of continuity that is closer to the physical world and better
reflects the new discoveries made by the physicists (see [16]).

Let us pass now from the unitary interval to the whole real line. To oleseai
numbers (the object of the observation) it is necessary first to chonsenaral
system (the instrument of the observation) to represent them. After thisedhas
been done, it becomes possible to count the number of numerals exjerastie
fixed numeral system and to understand how many real numbers capressed
in this numeral system. For instance, let us consider numerals

+(...apaap.a18283. . .)p (7

that are expressed in the positional system with the nadbheir number is equal

to 2b%” if we want to use in (7) sequences of integer and fractional digits corggistin
of O elements each (see [15]). Note th&#f2is the number of different numer-
als. In this numeral system the number zero can be represented by tes@wliff
numerals

—000...000.000...000, -+000...000.000...000.

O digits O digits 0 digits 0 digits
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Suppose not that we want to change the numeral system for reptaseofa
real numbers and decide to work, e.g., with the numerals

i('ala2a3-..)b~ bi(Plpng...)b (8)

where digits 0< & < b and 0< p; < b, and both sequencds;} and{p;} consist
of 0 elements each. Then it is easy to show that this numeral system corii&ins 4
different numerals.

We emphasize again that any numeral system allows us to express precisely
the number of elements only of certain sets. For the set (5) the numerahsyste
Sar» Of Munduruli allows us to do this. For the sdtsandZ the numeral system
including grossone is sufficient. To express the number of elements oétlut s
real numbers even this numeral system is not sufficient. Even thoughitai®to
specify certain infinite subsets of the set of real numbers and to cotnttimaber
of elements, it is too weak for both expressing the number of elemeriRsaoid
expressing irrational numbers. Note that with respect to the latter it belaavall
other existing numeral systems which use one of the following two alternatives
(a) use approximations of irrational numbers expressible in the chosaeral
system; (b) use numerals created ad hoc for the required irrational nsinebg.

e 1, v/2,v/3, etc.

Let us consider now the second part of the First Hilbert Problem amdsgime
comments upon. Again, from our point of view, its difficulty consists of thet fa
that in its formulation there is no distinction between the object of the observation
and the numeral systems used for the observation.

In our analysis, we first emphasize that in order to compare two real msmbe
it is necessary to have a numeral system allowing us to express both ofthem.
again, as it was in Physics with the choice of the lens for the microscopeawee h
decided which numbers can be compared at the moment when we hava ohose
numeral system. This is very important from the methodological point of wesv:
are not able to compare numbers if we have no numerals allowing us to &xpres
these numbers (at least in an approximative way).

For instance, let us consider the $81,0f all natural numbers that we are able
to write down using all known numeral systems. Then, we are not able to write
down, to compare, and to order numbers belonging to thi s&t. This set can be
defined but we are not able to indicate any of its elements, including therigst o
Thus, it is possible to speak about the existence of this set but it is impotsible
execute operations with its elements because we have no tools to express them.

Note also the importance of the fact that if we want to compare two numbers
accurately, they should be expressible in the same numeral system. Ifrthey a
expressed by two different numeral systems then the problem of a tigatitst
from one to another system arises and it is possible that such a prensgijption
is impossible (e.g., it is shown in [15] thatcannot be written in any positional
system with a finite radib even if one has an infinite number of digits in this
positional record). In such cases only an approximate comparisonecdore
(e~ 2.7).
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Let us now return to the formulation of the problem where Hilbert writes ‘On
the other hand the system of all real numbers, i.e., the continuum in its natural
order, is evidently not well ordered. For, if we think of the points of ansegt
of a straight line, with its initial point excluded, as our partial assemblageilit w
have no first element.” In these phrases Hilbert speaks about nueM@essible
by numerals (6) as about all real numbers. This is not the case as géashown
in the analysis above. Several numeral systems that can be used tesergak
numbers have been studied in [15] in detalil.

With respect to the second phrase of Hilbert it is possible to make the following

comment. Without loss of generality, we consider the unitary interval asmaesgg
of a straight line and we use numerals (6) to express numbers Hilbekisspleaut.
It has been shown in [15] for these numerals (other numeral systenashlean
studied in [15], as well) that all of them represent different numbelaisTif we
have decided to observe the inter{@l1] by numerals (6) withb = 10 then only
the following 10' numbers can be distinguished within this interval

0.000...000, 0.000...0001 ... 0.999...998 0.999...999.

O digits O digits O digits O digits

Then, if we decide to exclude from the inter\@] 1] the number zero represented
by the numeral @00...000Q then the next numeral,.000...000], gives us the
O digits O digits
first element in the set of remaining numerals (that has Ioiow 1 elements). Ob-
viously, if the accuracy of the numeral system (6) is not sufficient fmoblem we
want to solve over the intervéd, 1], then we can decide to add some new numerals
to deal with. For instance, we can decide to add the nume@&iQL. . 000 in order
0 digits

to represent the number one exactly. Then, this numeral and numergisdjs
the possibility to distinguish within the intervhf + 1 different numbers.

Therefore, the numbers that can be expressed by the numerals (Beame
are able to write down can be ordered. This note is important becausewetar
able to write down all numerals of the type (6), e.g., the ones having an infinite
number of different digits. However, the first elements Hilbert speakstah the
text quoted above can be expressed and ordered. Without loss exaggnwe
give an example using the decimal positional system and write down theofirst f
numerals from this numeral system:

0.000...000< 0.000...0001< 0.000...0002< 0.000...0003.
—_—

O digits 0 digits O digits O digits

By a complete analogy, the smallest numbers expressible in the numeral systems
(7) and (8) can be indicated.
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4 Conclusion

Two new mathematical instruments have been applied in the paper to study the
First Hilbert problem: the methodology distinguishing mathematical objects and
mathematical languages used to describe these objects; and the new raysieral
tem allowing one to express different infinite numbers and to use these rumbe
for measuring infinite sets.

With respect to the Continuum Hypothesis it has been established that the
mathematical language used by Cantor and Hilbert to formulate the problem has
two peculiarities. First, it does not take into consideration the differentecan
mathematical objects under the observation and the mathematical languat¢® used
describe these objects. Second, this language does not allow one to diseag
different numerable sets those sets that have the different infinite nurhieée-
ments. The same happens with respect to different sets having the Ggrdiha
the continuum.

The new numeral system has allowed us to measure certain infinite sets with a
high accuracy and to express explicitly the number of their elements. Inydartic
the sets mentioned in the Continuum Hypothesis have been studied in detail and a
constructive answer to the Hypothesis has been given in the framefithr& new
methodology.

It is obligatory to emphasize that both approaches, that of Cantor andHilbe
and the new one, do not contradict one another. Both of them reptesamality
but they do it with the different accuracy. Such a situation is typical founaa
sciences where it is well known that instruments bound and influencésredu
observations. As a result, the moment when a researcher choosesramémg
for the required observation is the moment when the accuracy of thevakiser
is determined. We can illustrate this situation by using again the analogy with the
microscope.

Suppose that with a weak lens a physicist sees two dots in the microscope
and with a stronger lens instead of the two dots he/she sees 45 smaller dibts. Bo
answers are correct but they describe the object of the observatiotherdifferent
accuracy that is determined by the instrument (the lens) chosen for thievatien.
Analogously, when mathematicians have decided which mathematical languages
(in particular, which numeral systems) they would use in their work, theg hav
decided which mathematical objects they would be able to observe and tibdescr

The language used by Cantor and Hilbert allows an observer to see intite ma
ematical microscope two dots (numerable sets and the continuum) and thecgccur
of the used lens (the numeral system using cardinals) does not allowsbeveb
to capture the presence of eventual other dots. In addition, the obders&not re-
alize that he/she has put on the sample stage of the microscope insteadmiréhe e
object (real numbers) just a part of it (namely, numbers expressibleasitional
numeral system with the infinite number of digits). Moreover, the observestis
conscious that even the taken part is not always the same becauseahgedh
when the radix of the positional numeral system is changed.
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In the case of the new mathematical language, the observer distinguishes the
lens from the objects of the observation (numeral systems used to desetibe
from the sets themselves) and has a stronger lens (the numeral systgrgrosist
one) allowing him/her to observe instead of two dots many different dote(sr
infinite sets having the different number of elements). In particular, it ineso
possible to distinguish various sets of numerals expressible by positistahsy
with different radixes and different infinite lengths of digits. It has bgleown that
for a fixed radix a critical length can been established such that setsrrals
with a length superior to the critical one have more elements than the set adlnatur
numbers. For infinite lengths inferior to the critical value the number of numer-
als expressible by this positional system is inferior to the number of elements of
the set of natural numbers. Analogous critical values can be estabfishether
numerable sets.

With respect to the second part of the problem dealing with well ordetsdtse
has been commented that it is necessary to operate very carefully withsfirops
dealing with the existence of non trivial mathematical objects and with executing
operations with them. In particular, if such a proposition supposes thetaxec
of an operation, then it is necessary to verify the existence of mathematisl to
(e.g., numeral systems) allowing us to express mathematical objects requrired f
this operation including both the operands and the intermediate and finkisresu

It has been emphasized that we are not able to compare numbers if wachave
numerals allowing us to express these numbers (at least in an approximayiye
As a consequence, only those numbers can be ordered for whichallsystems
allowing one to express them are known. Finally, it has been shown that mini-
mal numbers expressible in positional numeral systems with the differentenfin
guantity of digits can be ordered.
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