Optimization Letters manuscript No.
(will be inserted by the editor)

A univariate global search working with a set of Lipschitz
constants for the first derivative

Dmitri E. Kvasov - Yaroslav D. Sergeyev

Abstract In the paper, a global optimization problem is considere@netthe objective
function f(z) is univariate, black-box, and its first derivatifé(z) satisfies the Lipschitz
condition with an unknown Lipschitz constafit In the literature, there exist methods solv-
ing this problem by using an a priori given estimategfits adaptive estimates, and adap-
tive estimates of local Lipschitz constants. Algorithmsking with a number of Lipschitz
constants forf’(z) chosen from a set of possible values are not known in spitheofact
that a method working in this way with Lipschitz objectivenfilions, DIRECT, has been
proposed in 1993. A new geometric method evolving its ideabé¢ case of the objective
function having a Lipschitz derivative is introduced anadé¢d in this paper. Numerical ex-
periments executed on a number of test functions show tkaighge of derivatives allows
one to obtain, as it is expected, an acceleration in congravidth the DIRECT algorithm.

Keywords Global optimization, Lipschitz derivatives, a set of Lip#e constants,
geometric algorithms

Mathematics Subject Classification (2000)65K05, 90C26, 90C56

1 Introduction

Let us consider the following problem
f*:f(x*):min f(x)a IGDZ[GJJ], (1)

' (z1) = f(2)| < K|z1 — 22|, 21,79 € D, @)

It is supposed that the objective functigifz) can be black-box, multiextremal, its first
derivative f'(x), z € [a,b], can be calculated during the search, ghgk) is Lipschitz-
continuous with some fixed, but unknown, const&t0 < K < oo, over [a,b]. This
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kind of problems is often encountered in engineering apfibos (see, e.g., [25, 30, 33]),
particularly, in electrical engineering optimization ptems (see, e.g., [6, 7,28, 33]).

In the literature, there exist several methods for solving problem that can be dis-
tinguished, for instance, with respect to the way the LifigctonstantK is estimated in
their computational schemes. There exist algorithms using priori given estimate df
(see, e.g., [3,31]), its adaptive estimates (see, e.g.3I% and adaptive estimates of local
Lipschitz constants (see, e.g., [30,31]). Algorithms vilglkwith a number of Lipschitz con-
stants forf’(z) chosen from a set of possible values varying from zero toitgfimere not
known so far in spite of the fact that a method working in thaspwwith Lipschitz objective
functions, DIRECT, has been proposed in [20] in 1993.

The present paper meets this lack and solves this more theceae standing problem.
A new geometric method for solving problem (1), (2) and wogkivith a number of Lip-
schitz constants fof’ () is introduced and studied in this paper. At each iteratiaf this
algorithm, a new partitio®” of the search intervad = [a, b] into subintervals is performed
and a new set of trial points (i.e., points at which both thgective functionf(z) and its
first derivativef’(x) are evaluated) is generated. To perform this operatior, @ pessible
estimates of the Lipschitz constant from (2) is used instéaly one estimaté. The pro-
cedure of the selection of subintervals for producing néalstis based on estimates of the
lower bounds of the objective function over the subintesv@hese estimates are calculated
taking into account all possible values of the LipschitzstantK from zero to infinity. In
terms of the geometric algorithms (i.e., algorithms tha&t ingheir work auxiliary functions
to estimate the behavior gf(x) over the search region, see, e.g., [18, 19, 30, 33)), it is pos
sible to say that all admissible minorant functions are eérathduring the current iteration
of the algorithm without constructing a specific one.

In the algorithm, a special attention is also paid to the mmpment of the current min-
imal function value (the so-called record value) and a basision of this improvement
is incorporated in order to provide a faster convergencedtobal minimizer. Numerical
experiments executed on a number of test functions taken tine literature (see [18, 26])
show that the usage of derivatives allows one to obtain, iasipected, an acceleration in
comparison with the DIRECT method.

To conclude the introduction, we would like to emphasize phactical importance
of global optimization methods using all possible Lipsghibnstants in their work (see,
e.g., [1,2,4,5,15,17,22-24, 35, 36]). In spite of the fhet they have the so-called every-
where dense convergence (i.e., convergence of an infinijgesee of trial points to any
point of the search domain, see, e.g., [30, 32, 33]), thecatad (by some termination cri-
terion) finite sequences of trial points generated by thesthods are rapidly concentrated
around the global minimizers (see, e.g., [8,9,17,20, 4}, Z8erefore, these algorithms are
widely used, for example, in situations where only a certaipriori fixed, number of trials
can be executed (see, e.g., [25, 30, 33]). Note that if thedhippz constant (or its valid esti-
mate) of the objective functiofi(z) or the first derivativef’(z) can be used by a method,
a more economic convergence of its trial sequence to themoilyts of global minimum
of f(x) can be guaranteed (see, e.g., various methods from [19)2Z83.

2 Theoretical background
In this section, the main theoretical results, necessaryfducing the new algorithm, are

obtained. First, a procedure for estimation of lower bounidthe objective function over
subintervals is described. The second part is dedicatdetimtroduction of a procedure for



determining nondominated subintervals, i.e., subinteriraving the smallest lower bound
for some particular estimate of the Lipschitz constantff¢r). These subintervals are can-
didates for partitioning at each iteration of the new metttédally, a selection and partition

strategy adopted by the algorithm for dividing subintes\adaptively is presented.

2.1 Lower bounding

Let us consider an iteratidn > 1 of the new algorithm and a partitiofD*} of the search
interval D = [a, b] into subintervalga;, b;], 1 < ¢ < M (k), over which both the function and
its first derivative are evaluated at a trial pairft®) = ¢;, 1 < j < T(k) (hereafterM (k)

is the current number of subintervals afigk) is the current number of trial points). The
point ¢; can be one of the end-points of the subintefualb;] from {DF}, 1 < i < M(k),
i.e., eitherc; = a; or ¢; = b;. Let a positive valugl’ be chosen as an estimate of the
Lipschitz constant from (2), K > K. Given the estimatés, a lower boundR; of the
function values over the subintenyal, b;] can be calculated as follows

Ri = f(ci) £ f'(ci)(bi — a;) — 0.5K (b; — a;)?, 3

where the sign+’ is used in the case of the right-end function evaluatian, ¢; = b; (see
Fig. 1(a)), and the signt’ is used in the case of the left-end function evaluation, ¢;e= a;
(see Fig. 1(b)).

2.2 Nondominated subintervals

By using the obtained lower bounds ffz), the relation of domination can be established
between every two subintervals of a current partif@f’ } of D and a set of nondominated
subintervals can be identified for a possible subdivisidh@next iteration of the algorithm.

Definition 1 Given an estimaté’ > 0 of the Lipschitz constank” from (2), a subinterval
D; = [a;, b;] dominatesa subintervalD; = [a;, b;] with respect ta if

Rl(f() < Rj(R).

A subintervalD; = [at, b:] is said to benondominated with respect t& > 0 if for the
chosen valugs there is no other subinterval {D*} which dominatesD;.

Let us present the key result showing that each subintddyak [a;, b;] € {DF} and
the respective lower boun@; can be represented in a two-dimensional diagram (see Fig. 2,
cf. [20, 21, 29]). The horizontal coordinadg and the vertical coordinat&; of a dot, corre-
sponding taD;, are defined as follows

dz‘ = 0.5(bi — ai)Z»
Fi = f(ci) £ f(ci) (b — ag),

where in the last formula the sigr* is used in the case of the right-end function evaluation,
i.e.,c; = b; (see Fig. 1(a)), and the sigs*is used in the case of the left-end function eval-
uation, i.e.c; = a; (see Fig. 1(b)). Note that a point;( F;) in the diagram can correspond
to several subintervals with the same length and the sarne ¥al

(4)
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Fig. 1 Finding the lower bound?; from (3) over an intervaa;, b;] in the following two cases: (a) right-end
function evaluationg; = b;; (b) left-end function evaluatior; = a;

For example, let us consider a subinteridel = [a 4,b4]. Itis represented by the ddt
in Fig. 2. Assuming an estimate of the Lipschitz constantor the first derivative equal
to K, K > K, alower bound off () over the subintervaD 4 is given by the value? 4 (K)
from (3). This value is the vertical coordinate of the ingatson point of the line passed
through the pointd with the slopek and the vertical coordinate axis (see Fig. 2). In fact,
as can be seen from (3), intersection of the line with theeslgppassed through any dot
representing a subinterval in the diagram of Fig. 2 and thtcat coordinate axis gives us
the lower bound (3) of (z) over the corresponding subinterval.

Note that the points on the vertical axit (= 0) do not represent any subinterval. This
axis is used to express such values as lower bounds, thentorigimal valuef,,;,, of the
function, etc. (see also the related discussion in [29]).

By using the given graphical representation, it is posdibldetermine whether a subin-
terval dominates (with respect to a given estimatekgfsome other subinterval from a
partition{D*} (e.g., in Fig. 2 the subinterva , dominates both subintervaisz and D¢
with respect to the estimai€, the subintervaD dominatesD 3 with respect tax).

If a higher estimatek > K of the Lipschitz constank’ is considered (see Fig. 2), the
subintervalD 4 still dominatesD g with respect tak, since{%A(K) < RB(I{). But DAjn
its turn is dominated by the subintenal with respect tai{, because? 4 (K) > R (K)
(see Fig. 2).
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Fig. 2 Graphical interpretation of lower bounds pfx) over subintervals

Thus, some subintervals (&%; in Fig. 2) are always dominated by another ones, inde-
pendently on the chosen estimate of the Lipschitz congtafut there also exist subinter-
vals (asD 4 and D¢ in Fig. 2) that are nondominated with respect to one estirofthe
Lipschitz constank” and dominated with respect to another estimat& oSince the exact
Lipschitz constank for f’(x) (or its valid overestimate) is unknown, in the new algorithm
it is proposed (following [20] and [29]) to use various estbes of the Lipschitz constahit
from zero to infinity for lower bounding (z) over subintervals. The following definition
should be given in this connection.

Definition 2 A subintervalD; € {D*} is callednondominatedf there exists an estimate
0 < K < oo of the Lipschitz constank” such thatD; is nondominated with respect 0.

In other words, nondominated subintervals are subintereaér whichf(z) has the
smallest lower bound from (3) for some particular estimédtie Lipschitz constant for the
first derivativef’(z). For example, in Fig. 2 the subintervdls, and D¢ are nondominated.

It can be shown (see [29]) that nondominated subintervalth@ sense of Def. 2) are
located on the lower-right convex hull of the set of dots espnting the subintervals of the
current partition ofD. In Fig. 3 the subintervals represented by the doté&he smallest
subinterval),F, C, and A (the largest subinterval) are nondominated subinter¥&ls.non-
dominated subintervals can be found by applying some dlgorior identifying the convex
hull of the dots (e.g., Jarvis march, see [27] and also [1B, 17

2.3 Selection and partition strategy

Let us finally present a selection and partition strategypéetb by the new algorithm for
dividing subintervals in order to produce new trial pointswo types of subintervals are



j;;t[n

R(K,)
-/fm‘f g

Fig. 3 Dominated subintervals are represented by white dots andaminated subintervals are represented
by black dots

selected for partitioning at each iteratiénof the algorithm: a number of nondominated
subintervals and a subinterval containing the record pajnt, (k), i.e., the point at which
the current minimal valug,,;,, (k) is obtained.

Particularly, the first group of subintervals to be partied includes nondominated
subintervals over which it is expected a significant improgat on the function values
with respect to the current minimal valyg,;,, (k). Once a subintervad, b] of the current
partition D* becomes nondominated, it can be subdivided only if the fiotlg additional
condition is satisfied

Ri(K) < frmin(k) — €, (5)

where the lower bound; (K) is calculated by formula (3). This condition prevents the al
gorithm from subdividing already well-explored small sutiervals. For example, the subin-
terval D (dot F' in Fig. 3) is nondominated but does not satisfy condition I ¥act, this
subinterval is nondominated with respect to estimates®Lipschitz constanik’ smaller
than or equal td<, (see Fig. 3) and, therefore, the lower bound 6f) over D is greater
than the thresholdf(,;,», — &).

A subintervalD,,,;,, (k) containing the record point (called hereafter the recobirgar-
val) forms by itself the second group of subintervals to betiffi@gned. Note that the record
value f:n (k) can be obtained at the end-points of different subintervaisong them the
record subinterval is that with the smallest lower boundf @f). It should be also high-
lighted that the record value is always greater than or eguille vertical coordinate of the
lowest dot (dotg” andG in Fig. 3). The record subinterval itself can be represeirtgde
two-dimensional diagran(, F;) by a dot which is not the lowest one (e.g., in Fig. 3 the
dot Z represents the record subinterga},;,,).

Subdivision of the record subinterval reflects the wellskndact in global optimization
asserting the necessity of the local improvement of therdeealue (see, e.g., the references
given in [18, 30]). The DIRECT algorithm [20] performs thiparation automatically since
the vertical coordinates of the points (as in formula (4¢presenting subintervals on a
diagram similar to that of Fig. 2, are given directly by thgemtive function values. In the
new algorithm, generally, this is not the case and, thusyélkerd subinterval has to be
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Fig. 4 Subdivision of a subintervid, b:] in the situation wherg (z) and f’ () are evaluated at the poipf
since they have been previously evaluated at the pgint

specially subdivided (obviously, if it does not alreadydyeg to the group of nondominated
subintervals satisfying condition (5)).

Note that the usage of the first derivatif/gz) allows us to stop automatically the local
record improvement. In fact, it is advisable to subdivide tecord subinterval when the
absolute value of the record first derivative is sufficierftlgh, i.e., when the following
condition is satisfied

|f (@min)| > 6, 6>0, (6)

where the parametéris set by the user either in an absolute way or in a way relatélket
behavior of the objective function and/or its first derivati

Let us now suppose that at the current iteration of the newrigfgn a subintervaD; =
[at, bt], represented in the two-dimensional diagram of Fig. 2 bydibigd;, ;) from (4),
has been chosen for partitioning as described above. Thivigibn of this subinterval is
performed in such a way that three new equal subintervalbefangth(b; — at)/3 are
created, i.e.,

[at, be] = [a¢, pe] U [pt, ] U [g¢, bi],
pt = a¢ + (bt — 6115)/37 qr = by — (bt — at)/3.

Obviously, the subintervaD; is removed from the two-dimensional diagrd, F;), rep-
resenting the current partition of the search interval,thedhree subintervals generated are
introduced into the diagram.

A new trial is performed either at the poimt (if both the objective functiorf (x) and its
first derivativef’ (z) have been evaluated over subinterval b;] at pointb;, see Fig. 4), or
at the pointy; (if f(x) andf’(x) have been evaluated over subinterfval b;] at pointa).

(@)

3 New Algorithm

In this section, the new algorithm for solving problem (D) {s described. First, the new
method is presented and then its convergence propertiesalgzed.
A formal scheme of the new algorithm can be given as follows.

Step O (Initialization). Set the iteration countey := 1. Let the first evaluation of (x)
and f’(z) be performed at the central point of the initial intenal = [a,b], i.e.,
z' = ¢, wherec = (a + b)/2. Set the current partition of the search interval as



D' = {[a1,b1], [az2,bo]}, Wherea; = a, by = b, by = a2 = c. Set the current
number of subintervald/(1) := 2 and the current number of trial5(1) := 1. Set
fmln(]-) = f(xl)u Imzn(l) =G andszn(l) = [a1,b1] (Dmln(l) = [a27b2}) if
F1 < Fy (F1 > F»), whereFy, F> are from (4).

Suppose now that > 1 iterations of the algorithm have already been executed. The
iterationk + 1 consists of the following steps.

Step 1(Nondominated Subintervalddentify both the sef of nondominated subintervals
(accordingly to Def. 2) that satisfy condition (5), and tleresponding seT of their
indices.

Step 2(Record Improvemetlf the record subinterval is such that,,;,, (k) ¢ S and con-
dition (6) is satisfied for the record point,;, (k) then subdivide the record subinterval
and produce a new trial point accordingly to subsection 2.3.

Increase both the current number of trial poifits= T + 1 and the current number
of subintervalsM := M + 2. Update the current recorf},,;, and the current record
point x,,;», if necessary.
Otherwise, go to Step 3.
Step 3(Subdivision of Nondominated SubinteryaRerform the following Steps 3.1-3.3:
Step 3.1(Subinterval SelectignSelect a new subintervdl; = [a¢, bs] from S such
that

t = argmax{b; —a;}.
ngI{] ]}

Step 3.2(Subdivision and SamplingSubdivide subintervaD; and produce a new trial
point accordingly to subsection 2.3.
Increase both the current number of trial poifits= T + 1 and the current number
of subintervals\/ := M + 2. Update the current recorf},;,, and the current record
point z,,;,, if necessary.

Step 3.3(Next Subintervdl Eliminate the intervaD; from S, i.e., setS := S\{D;}
andZ :=Z\{t}. If S # @, then go to Step 3.1. Otherwise go to Step 4.

Step 4(End of the Current Iteration Increase the iteration counter:= k£ + 1. Go to
Step 1 and start the next iteration.

The algorithm stops, for example, when the number of geeétaial points reaches the
maximal allowed number;,q... During the course of the algorithm, the satisfaction o thi
termination criterion is verified after every subdivisioneosubinterval. The approximation
of the global minimum valug™* and the global minimizet* is given by the current record
value f,,,;, and the current record poimt,, ;.

Note that in the scheme of the method introduced, a basicufidisntly simple tech-
nigue for the record improvement is proposed (see Step 2)or sophisticated approach,
as for example the two-phase approach from [29], can alsddeted for this scope.

Moreover, either one of the poinisor b of the search intervad, b], or both of them (pro-
ducing in this way two initial trial points, i.eZ’(1) := 2 in Step 0 of the scheme) can also
be chosen as the starting points of the method. In this dasegorithm determines exactly
the global minimizer* if it belongs to one of the end-points of the search intefwgl].

Let us study convergence properties of the new algorithnmduminimization of the
function f (z) from (1), (2) when the maximal allowed number of generatedipointsT,qx
is infinitely high. In this case the algorithm does not stdy (tumber of iterations goes to
infinity) and an infinite sequence of trial poir{tsj(k)} is generated. The following theorem
establishes the so-called everywhere dense convergetite wiethod, i.e., convergence of



an infinite sequence of trial points to any point of the seaatmain. This result is in accor-
dance with [32, 34], where it is shown that all determinisiigorithms which do not use the
global information during their work can converge to thebglboptimum of a continuous
function if and only if they produce an everywhere dense noéstial points.

Theorem 1 For any pointz € D and anyo > 0 there exist an iteration numbeéi(c) > 1
and a pointz’ € {27}, k > k(c), such thatz — 2'| < o.

Proof Due to the subinterval partition scheme (see subsectidn &8ry subdivision of a
subinterval generates three new subintervals with thettheagual to a third of the length
of the subdivided subinterval. Thus, fixed a positive valtie at is sufficient to prove that
after a finite number of iteratiorig o), the largest subinterval of the current partition of the
search intervaD will have the length smaller than In such a case, ia-neighborhood of
any point of D there will exist at least one trial point generated by the@atgm.

To see this, recall that at each fixed iteratigrof the method, the two-dimensional di-
agram (;, F;) is constantly updated and represents all subintervalspaftition {Dk/} of
the search intervaD, including the record subintervdl,,;, (k’). This diagram groups all
subintervals having the same length into a column of dots thi¢ same horizontal coordi-
nated; and orders them within the colunafy by the corresponding valudg: (see (4)).

Let us now consider the grouf,q. of the largest subintervals of the partiti@@k'}
which is always taken into account when nondominated sebiats are looked for. Partic-
ularly, a subintervalD; € {D’“/} from this group, having the smallest valég, must be
partitioned at the current iteration of the algorithm. lotfahere always exists a sufficiently
large estimat& of the Lipschitz constank’ for f'(z) such that the subintervd); is a
nondominated subinterval with respecti@. and condition (5) is satisfied for the lower
boundR; (K« ) (see Fig. 3). Three new subintervals generated during thei\eigion of D;
(and having the length equal to a third of the lengttlgj are inserted into the group with
a smaller horizontal coordinat < dmaz.

Since each group contains only finite number of subintenedtsr a sufficiently large
number of iterationg > &’ all subintervals of the grougmnqz will be subdivided. The
group dmas Will become empty and all largest subintervals will be posied into the
groupd;, d; < dmaz. The same procedure will be repeated with a new group of tigesa
subintervals.

To conclude the proof, it should be noted that the recordrgebial D,,,;,, is itself
represented by a dot in the diagradh, (F;). It is subdivided either separately during the step
of the record improvement (see Step 2), or as a nondominatedterval (see Step 3). The
latter will eventually happen when the record subintenalbhgs to the group of largest
subintervals.

Thus, there exists a finite numbkfc) such that after performing(c) iterations of
the algorithm the largest subinterval of the current gartif D*(?)} will have the main
diagonal smaller thas. [

4 Numerical experiments

In this section, we present results of numerical experisy@erformed to compare the
new algorithm with the DIRECT method [20], which has beeneal@ped for minimizing
Lipschitz-continuous functiong(z). The DIRECT method does not use the information
about the first derivativg”’ (z) but estimates the Lipschitz constant of the objective func-
tion f(x) from a set of possible values from zero to infinity. The impdertation of the
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DIRECT method described in [10, 12] and downloadable frod] Has been used in the
experiments performed.

Numerical comparison has been made with the DIRECT methoduse of the fol-
lowing three reasons. First, both the DIRECT method and #ve ane work with several
Lipschitz constants simultaneously. Second, their coreparcan show how the usage of
derivatives can accelerate the search in the methods widttkithd of estimating. Finally,
methods using other kinds of estimates have their pradtitainal stopping rules related
to the chosen estimate (or to another similar parameteheokipschitz constant. The new
algorithm and the DIRECT method do not have such a practiopping rule (in fact, these
methods usually are forced to stop when the maximal allowedber of trialsTy,qz iS
reached), and, therefore, a comparison with other methecisbes less obvious.

To make the comparison, two series of experiments have lmeetucted. In the first se-
ries, the widely used set of 20 one-dimensional test funstfoom [18] has been considered
(global minimizers of these functions have been defined mpeisely with respect to [18],
namely, with a tolerance at leasi—7). In the second series, a class of 100 one-dimensional
randomized test functions from [26] has been taken. Eacttifamf, (z), 1 < s < 100, of
this class is defined over interiat5, 5] and has the following form (see [26])

fs(z) = 0.025(z — z3)? + sin?[(z — z}) + (z — 2})?] + sin®(z — 23), (8)

where the global minimizet}, 1 < s < 100, is chosen randomly (and differently for
100 function of the class) from intervah5, 5] by means of the random number generator
used in the GKLS-generator of multidimensional test fumtdi (see [13]; this generator
is also downloadable for free fromttp://wwwinfo.deis.unical.it/ ~yaro/
GKLS.html ).

In order to compare the two methods, we stopped them (giveiffiaisntly high value
Tmaz = 5000) when the global minimizex* € D was considered to be found, namely,
when a trial point:” was generated in a small neighborhood of the global minimize

&' — 2| < A(b - a), 9)

where|[a, b] is the search interval from (1). Naturally, such a type opptog criterion is
acceptable only when the global minimizer is known, i.e., for the case of test functions.
In order to demonstrate the influence of changing the searctracyA from (9) on the
convergence speed of the methods, three different values ohmely,A = 1074 A =
1075, and A = 107° were used in both series of experiments. Recall that for #ve n
method each trial is more expensive with respect to a trithe DIRECT method since it
corresponds to the evaluations of both the objective fonaind its first derivative.

To execute numerical experiments, we need to define the péeagnfrom (5) of the
algorithm, which can be set in different ways (see the rdldtscussion in [29]). In order to
make easier the numerical comparison with the DIRECT dligori20], a valuet related
to the current minimal function valug,,;, (k) is fixed as it is done in the DIRECT method,
ie.,

& =¢€|lfmin(k)|], €>0. (20)

The recommended value of= 10~* (see [20] and the references in [29]) was used in (10).
The value o from (6) was set ta0~10.

The obtained numbers of trial points generated by the dlgus while minimizing 20
functions from [18] are reported in Table 1, where in the tast the average values are
given. It should be noted that the minimization of two funos (numbe#r and13) by the
DIRECT method with the accuracy = 10~ in (9) has required more thah,q. = 5000
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Table 1 Number of trial points generated by the new algorithm andXtiRECT algorithm for test functions
from [18] with different values of the accuracy from (9)

A=10"% A=10"5 A=10"6

N DIRECT New DIRECT  New DIRECT  New
1 77 20 195 24 4977 36
2 26 12 347 26 1003 29
3 23 12 59 23 104 28
4 86 18 2096 28 5000 35

5 34 17 201 26 1639 31
6 56 23 56 23 916 39
7 58 22 118 25 2978 37
8 76 30 105 37 418 40
9 53 21 281 28 804 31
10 66 21 142 24 1177 30
11 62 20 277 27 2195 31
12 95 23 269 27 269 27
13 20 10 2238 28 5000 36

14 54 25 90 29 1271 37
15 29 17 29 17 545 43
16 38 19 496 31 496 31
17 51 40 87 66 414 84
18 72 45 116 67 178 89
19 76 21 556 29 1674 32
20 45 30 45 30 931 40

Average 54.85  22.30 390.15  30.75 > 154540 39.30

Table 2 Average number of trial points generated by the new algoriéimd the DIRECT algorithm for 100
test functions (8) from [26] with different values of the acacy A from (9)

Method A=10"% A=10"° A=10"°6
DIRECT 40.11 68.02 98.39
New 22.34 29.37 37.22

trials (in Table 1 this fact is indicated by asterisks afteg humbers of trial points). The
impossibility of the DIRECT method to determine efficiengiobal minimizers of these
functions is due to the flatness and largeness of their glob@mizers basins (similar ob-
servations are also reported in [29]).

Table 2 represents the average numbers of trial points gesteby the two methods
while minimizing 100 randomized functions (8) from [26]. téchat — similarly to the re-
sults of Table 1 — the advantage of the new method in termseoéxcuted trials becomes
more pronounced when the required search accuracy insrease

For the sake of illustration, in Fig. 5 and Fig. 6 functiongnfr both test sets used in
numerical experiments are represented. Particularly,Fgihows the graph of the function
number 9 from the set of 20 functions [18] and the trial po{@&l for the DIRECT method
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DIRECT method, 281 trials

A .

New method, 28 trials

o+ o+ o+ o+ + + + + o e+ +

L L L L L L L L L
4 6 8 10 12 14 16 18 20

Fig. 5 Graph of the function number 9 from [18] and the trial poinémgrated by the DIRECT method and
the new one while minimizing this function with the accuraty= 10=% in (9)

3
2 (x) .
1r B
or B
DIRECT method, 71 trials
+ A+ o+ b+ R+ + o+ + + + +
New method, 26 trials
H+ o+ o+ + o+ e+ + + 4 + + +
1 1 1 1 1 1 1 1 1
-5 -4 -3 -2 -1 0 1 2 3 4 5

Fig. 6 Graph of a test function from [26] and the trial points getedleby the DIRECT method and the new
one while minimizing this function with the accuragy = 10~° in (9)
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and 28 for the new method) generated by the two methods whilemzing this function
with the accuracyAd = 107 in (9). The single global minimum of the functiorf; ~
—1.90596, is attained at™ =~ 17.03919895.

Fig. 6 shows the graph of the function numbet 67 from the set of randomly generated
100 functions (8) from [26] and the trial points (71 for theRACT method and 26 for the
new method, which are close to the corresponding averag®ensnn Table 2) generated
by the two methods while minimizing this function with thecacacyA = 1072 in (9). The
single global minimum of the functiorf,” = 0, is attained at™ ~ —1.34952115.

As demonstrated by the results of the performed numeriqadrixents, the usage of
derivatives allows one to obtain a serious accelerationoimparison with the DIRECT
method on the studied classes of test problems. Moreovemtire accurate global search
is required, the more pronounced is the advantage of the lgawitam on the considered
test functions.

References

1. C. A. Baker, L. T. Watson, B. Grossman, W. H. Mason, and Ridfitka. Parallel global aircraft con-
figuration design space exploration. In M. Paprzycki, L.ritane, and L. T. Yang, editor®ractical
parallel computing volume 10 (4) ofSpecial Issue of the Inernational Journal of Computer Retga
pages 79-96. Nova Science Publishers, 2001.

2. M. C. Bartholomew-Biggs, S. C. Parkhurst, and S. P. Wilddsing DIRECT to solve an aircraft routing
problem.Comput. Optim. Appl21(3):311-323, 2002.

3. L. Breiman and A. Cutler. A deterministic algorithm forobhl optimization. Math. Program, 58(1—
3):179-199, 1993.

4. R.G. Carter, J. M. Gablonsky, A. Patrick, C. T. Kelley, &dl. Eslinger. Algorithms for noisy problems
in gas transmission pipeline optimizatioBptim. Eng, 2(2):139-157, 2001.

5. S. E. Cox, R. T. Haftka, C. A. Baker, B. Grossman, W. H. Masom L. T. Watson. A comparison of
global optimization methods for the design of a high-speeititcansport. J. Global Optim, 21(4):415—
433, 2001.

6. P. Daponte, D. Grimaldi, A. Molinaro, and Ya. D. Sergey&n. algorithm for finding the zero-crossing
of time signals with Lipschitzean derivativeldleasurementl6(1):37—-49, 1995.

7. P.Daponte, D. Grimaldi, A. Molinaro, and Ya. D. Sergeyeast detection of the first zero-crossing in a
measurement signal séfleasurementl9(1):29-39, 1996.

8. D. E. Finkeland C. T. Kelley. Additive scaling and the DI&Ealgorithm.J. Global Optim, 36(4):597—
608, 2006.

9. J. M. Gablonsky and C. T. Kelley. A locally-biased form b&étDIRECT algorithm.J. Global Optim,
21(1):27-37, 2001.

10. J. M. Gablonsky. An implemention of the DIRECT algorithifiechnical Report CRSC-TR98-29, Center
for Research in Scientific Computation, North Carolina &taniversity, Raleigh, N.C., USA, August
1998.

11. J. M. Gablonsky. DIRECT v2.04 FORTRAN code with docuraéinh, 2001. Downloadable from:
http://iwww4.ncsu.edutctk/SOFTWARE/DIRECTV204.tar.gz.

12. J. M. GablonskyModifications of the DIRECT algorithnPhD thesis, North Carolina State University,
Raleigh, North Carolina, 2001.

13. M. Gaviano, D. Lera, D. E. Kvasov, and Ya. D. Sergeyev. ofithm 829: Software for generation of
classes of test functions with known local and global minfaraglobal optimization ACM Trans. Math.
Software 29(4):469-480, 2003.

14. V.P. Gergel. A global optimization algorithm for mubivate function with Lipschitzian first derivatives.
J. Global Optim, 10(3):257-281, 1997.

15. P. A. Graf, K. Kim, W. B. Jones, and L.-W. Wang. Surfacespagion optimization using DIRECTJ.
Comput. Phys224(2):824-835, 2007.

16. J. He, A. Verstak, L. T. Watson, and M. Sosonkina. Desighimplementation of a massively parallel
version of DIRECT.Comput. Optim. Appl40(2):217-245, 2008.

17. J. He, L. T. Watson, N. Ramakrishnan, C. A. Shaffer, Asiak, J. Jiang, K. Bae, and W. H. Tranter.
Dynamic data structures for a direct search algorit@omput. Optim. Appl23(1):5-25, 2002.



14

18.

19.
20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

R. Horst and P. M. Pardalos, editotdandbook of Global Optimizatigrvolume 1. Kluwer Academic
Publishers, Dordrecht, 1995.

R. Horst and H. TuyGlobal Optimization — Deterministic ApproacheSpringer—Verlag, Berlin, 1996.
D. R. Jones, C. D. Perttunen, and B. E. Stuckman. Lipseahitoptimization without the Lipschitz
constantJ. Optim. Theory Appl.79(1):157-181, 1993.

D. R. Jones. The DIRECT global optimization algorithm. d. A. Floudas and P. M. Pardalos, edi-
tors,Encyclopedia of Optimizatigwolume 1, pages 431-440. Kluwer Academic Publishers, 2o,
2001.

K. Ljungberg, S. Holmgren, arfd. Carlborg. Simultaneous search for multiple QTL usinggdtubal
optimization algorithm DIRECTBioinformatics 20(12):1887-1895, 2004.

C. G. Moles, P. Mendes, and J. R. Banga. Parameter estmiabiochemical pathways: A comparison
of global optimization methodssenome Res13(11):2467-2474, 2003.

T. D. Panning, L. T. Watson, N. A. Allen, K. C. Chen, C. A.affbr, and J. J. Tyson. Deterministic
parallel global parameter estimation for a model of the mgideast cell cycle.J. Global Optim,
40(4):719-738, 2008.

J. Pinér. Global Optimization in Action (Continuous and Lipschitzti@pzation: Algorithms, Imple-
mentations and ApplicationsKluwer Academic Publishers, Dordrecht, 1996.

J. Pinkér. Global optimization: software, test problems, and iggfibns. In P. M. Pardalos and H. E.
Romeijn, editorsHandbook of Global Optimizatigivolume 2, pages 515-569. Kluwer Academic Pub-
lishers, Dordrecht, 2002.

F. P. Preparata and M. |. ShamdSomputational Geometry: An IntroductiorSpringer-Verlag, New
York, 1993.

Ya. D. Sergeyev, P. Daponte, D. Grimaldi, and A. Molinaffwo methods for solving optimization
problems arising in electronic measurements and eleteigineering. SIAM J. Optim, 10(1):1-21,
1999.

Ya. D. Sergeyev and D. E. Kvasov. Global search basedfmieaf diagonal partitions and a set of
Lipschitz constantsSIAM J. Optim. 16(3):910-937, 2006.

Ya. D. Sergeyev and D. E. Kvasdviagonal Global Optimization Method$-izMatLit, Moscow, 2008.
In Russian.

Ya. D. Sergeyev. Global one-dimensional optimizatismg smooth auxiliary functionsMath. Pro-
gram, 81(1):127-146, 1998.

C. P. Stephens and W. Baritompa. Global optimizatiomireg global information.J. Optim. Theory
Appl., 96(3):575-588, 1998.

R. G. Strongin and Ya. D. Sergeye8lobal optimization with non-convex constraints: Seqisr@ind
parallel algorithms Kluwer Academic Publishers, Dordrecht, 2000.

A. Torn and A.Zilinskas. Global Optimization volume 350 ofLecture Notes in Computer Science
Springer—Verlag, Berlin, 1989.

L. T. Watson and C. Baker. A fully-distributed paralléloal search algorithmEngineering Computa-
tions 18(1/2):155-169, 2001.

Hong Zhu and D. B. Bogy. Hard disc drive air bearing designdified DIRECT algorithm and its
application to slider air bearing surface optimizatidnibology Internat, 37(2):193-201, 2004.



