
INTERVAL ALGORITHMS FOR FINDING THE MINIMAL ROOT INA SET OF MULTIEXTREMAL ONE-DIMENSIONALNON-DIFFERENTIABLE FUNCTIONSL.G. CASADOyx , I. GARC��Azx , AND YA.D. SERGEYEV{Abstra
t. Two problems arising very often in appli
ations are 
onsidered. The �rst problem
onsists of �nding the minimal root of an analyti
 one-dimensional fun
tion over a given interval.It is supposed that the obje
tive fun
tion 
an be multiextremal and non-di�erentiable. Three newalgorithms based on Interval Analysis and Bran
h-and-Bound Global Optimization approa
hes areproposed for solving this problem. The novelty of the new algorithms is in improving the elimination
riteria and the order in whi
h interval and point evaluations are realized. The te
hniques introdu
eda

elerate the sear
h in 
omparison with interval analysis methods traditionally used for �nding rootsof equations. The se
ond problem 
onsidered in the paper is a generalization of the �rst one anddeals with the sear
h for the minimal root in a set of multiextremal and non-di�erentiable fun
tions.The methods proposed for solving the �rst problem are generalized for solving the se
ond. Themain idea is to use the information obtained from any of the fun
tions to redu
e the sear
h domainasso
iated with all the fun
tions. Numeri
al experiments 
arried out on a wide set of test fun
tionsdemonstrate a quite satisfa
tory performan
e of the new algorithms in both 
ases.Key words. Minimal Root, Interval Analysis, Bran
h-and-Bound.AMS subje
t 
lassi�
ations. 65-04,65-05,65G10,65H20,65K05,90C301. Introdu
tion. Many appli
ations give rise to the problem of �nding the rootsof one-dimensional fun
tions subje
t to box 
onstraints. For example, in the 
omputergraphi
s and visualization �eld, one of the fundamental operations in ray tra
ing
onsists of the 
al
ulation of interse
tions between rays and obje
ts [3, 11, 17℄. Otherexamples of su
h �elds and appli
ations are: (i) digital signal pro
essing te
hniques,i.e. in the non-parametri
 identi�
ation of spe
ial signals [24℄, in the wavelet transform[16℄, and in image pro
essing [5℄, (ii) matrix 
omputation for the eigenvalue problem[1℄, (iii) the design of ele
tri
al and ele
troni
 simulation software tools for time-domain and swit
hing networks analysis [2℄.In this paper two problems arising from su
h appli
ations are 
onsidered. The�rst one 
onsists of providing a general, simple, reliable, and fast algorithm for �ndingthe minimal root of an analyti
ally de�ned one-dimensional (possibly multiextremal)fun
tion. The se
ond problem is a generalization of the �rst one and deals with �ndingthe minimal root in a set of analyti
ally de�ned one-dimensional fun
tions. Let usdes
ribe the �rst problem.Given a real one-dimensional fun
tion f : S � IR ! IR; S = [a; b℄; a � b, whereS is the sear
h domain of the problem, it is ne
essary to determines� = minfs : f(s) = 0; s 2 Sg (1.1)or su = minfs : f(s) � f(a) � 0; s 2 Sg; followed bysl = maxfs : f(s) � f(a) � 0; s < sug (1.2)yE-mail: leo�a
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2 L.G. CASADO, I. GARCIA AND YA.D. SERGEYEVMost of the algorithms previously proposed were not spe
i�
ally designed for �ndingthe �rst root but all the roots. Nevertheless, there exists a wide set of appli
ations (see[1, 2, 3, 5, 11, 16, 17, 24℄) where only the minimal root 
ontains valuable informationfor the problem at hand, so it is advisable to devise spe
i�
 algorithms for �ndingonly the �rst root.Several approa
hes were proposed for solving this problem. The simplest approa
his based on the use of grid te
hniques whi
h produ
es a dense mesh starting from theleft margin of the interval and progressing by �, until two 
onse
utive values of thefun
tion (f(x) and f(x+�)) have di�erent signs [2℄. For small values of �, this approa
his very (but not totally) reliable and 
omputationally very expensive.The se
ond approa
h 
onsists of using standard lo
al te
hniques whi
h a
hieve arapid 
onvergen
e to a root. The main drawba
k of these methods is that 
onvergen
eis not assured when f(x) is a multiextremal fun
tion on S [21℄. Moreover, if theobje
tive fun
tion f(x) has several roots, di�erent 
hoi
es of the initial 
onditions 
anlead to di�erent solutions for the equation f(x) = 0. A standard and fast lo
al sear
hte
hnique is the well known Newton method, whi
h frequently provides a quadrati

onvergen
e. Nevertheless, Newton method may also fail, depending on the initialpoint. For instan
e, Newton method does not 
onverge for the fun
tion f(x) = x3�x,if the initial point is x = 1p5 .Mit
hell's proposal [17℄ is based on an interval algorithm introdu
ed by Moore[19℄. It distinguishes two stages: (i) the root isolation stage 
onsists of �nding theset of subintervals whi
h are known to 
ontain one and only one root, and (ii) theroot re�nement stage whi
h uses a standard and fast lo
al sear
h te
hnique, su
h asNewton method. Caprani et. al. [3℄ improved Mit
hell's algorithm by using intervalmethods in both stages (isolation and re�nement). They demonstrated that usinginterval analysis in both stages does not in
rease the exe
ution time, as was statedby Mit
hell. One of the advantages of interval methods is that they 
an provideinformation on the lo
al uniqueness of the roots at the solution intervals [3, 9, 19, 20℄.Interval methods guarantee that an interval is reje
ted only when it does not 
ontaina root.The third 
lass of approa
hes, proposed by Daponte et al. [6, 7, 23℄ and Kalraand Barr [11℄, works on the framework of Global Optimization te
hniques based onthe 
omputation of Lips
hitzian derivatives. In [6, 7, 23℄ several eÆ
ient solutionshave been proposed for solving problems in the ele
tri
al engineering �eld. The paperof Kalra and Barr [11℄ deals with appli
ations from the visualization and 
omputergraphi
s �eld.The fourth approa
h to solve (1.2) 
onsists of using existing Nonlinear GlobalOptimization algorithms based on the Bran
h-and-Bound strategy and Interval Arith-meti
, as those proposed in [8, 9, 12, 13, 22℄.The 
omputational model of the algorithms developed in this paper is based oninterval arithmeti
 
omputations [17, 19℄ and also in
orporates the ideas des
ribed in[6, 7, 23℄. The new algorithms are spe
i�
ally designed for �nding the minimal rootand do not need to determine Lips
hitz 
onstants or to evaluate derivatives. Thesealgorithms develop and improve the ideas presented in [4℄.The se
ond problem 
onsidered in this paper is a generalization of the problem(1.1). There exist several appli
ations where is ne
essary to �nd the minimal root in aset of p fun
tions instead of a single fun
tion; i.e. to �nd the minimum of the minimalroot of several fun
tions [7, 11, 17℄. An example of these appli
ations appears in
omputer graphi
s where the s
ene to visualize is 
omposed of a set of obje
ts de�ned



FINDING THE MINIMAL ROOT 3by their impli
it surfa
es. Cal
ulation of interse
tions between rays and primitivesolids or surfa
es is one of the fundamental operations to 
arry out. Visualizing as
ene implies that for every ray only one of the interse
tions between that ray and allthe obje
ts is needed (the 
losest to the observation point) [11, 17℄. Mathemati
ally,the problem 
an be posed as follows:Given a ray, represented parametri
ally by a starting point a=(ax; ay; az), a di-re
tion ve
tor V and a set of p impli
it surfa
es, fi(x; y; z) = fi(ax+tVx; ay+tVy; az+tVz)=fi(t); i.e. fi : t 2 R! R; t 2 S=[s=0; s℄, i = 1; : : : ; p, to determine:t� = minft 2 S : fi(t) = 0; 8i; i = 1; : : : ; pg (1.3)In the se
ond part of this paper, the set of methods proposed to deal with problemsdes
ribed by (1.1) is generalized for solving (1.3).The rest of the paper was organized as follows: Se
tion 2 presents a general s
hemeof the interval algorithms whi
h 
an be used for solving the problem (1.1), and threemethods belonging to this s
heme are des
ribed. In Se
tion 3, in order to evaluate theperforman
e of the methods proposed in this paper numeri
al results obtained fromexperiments made on a set of forty test fun
tions are given. In Se
tion 4, algorithmsdes
ribed in Se
tion 2 are generalized to solve the problem of �nding the minimal rootin a set of one-dimensional fun
tions. Numeri
al tests for the generalized methodsare presented and dis
ussed in Se
tion 5. Finally, Se
tion 6 brie
y des
ribes the main
on
lusions of this work.2. Algorithms for �nding the minimal root of a single multiextremalnon-di�erentiable fun
tion over an interval. In order to pro
eed with the de-s
ription of the algorithms, let us introdu
e the following terminology. Hereinafter,real numbers are denoted by x; y; : : :, and real bounded and 
losed one-dimensionalintervals by X;Y; : : :, where X = [x; x℄ = fx : x � x � xg, and x and x are the lowerand upper bounds of the interval X , respe
tively. The set of 
ompa
t intervals isdenoted by I := f[a; b℄ : a � b; a; b 2 Rg. The width and the midpoint of an intervalX are de�ned by w(X) = x�x and m(X) = (x+x)=2, respe
tively. When we expressa real number as an interval, we shall usually retain the simpler noninterval notation,i.e, x instead of [x; x℄.The s
heme introdu
ed here for solving problem (1.1) falls into the general frame-work of Bran
h-and-Bound (B&B) algorithms. The basi
 idea in B&B methods 
on-sists of a re
ursive de
omposition of the original problem into smaller disjoint sub-problems until the solution is found. The sear
h avoids visiting those subproblemswhi
h are known not to 
ontain a solution. B&B methods 
an be 
hara
terized byfour rules: Bran
hing, Sele
tion, Bounding, and Elimination [10, 18℄. For problemswhere the solution is determined when a desired a

ura
y is rea
hed, a Terminationrule has to be in
orporated.The general s
heme for des
ribing interval B&B methods 
an be summarized bythe following rules:Bran
hing rule: The initial sear
h region is denoted by S = [s; s℄. The bran
h-ing rule divides the sele
ted interval X � S using the traditional bise
tionmethod. The generated subintervals (we shall 
all these \a
tive" intervals) arestored in a work list in a non-in
reasing order based on x, i.e, the subintervalwith greater x is stored �rst.Sele
tion rule: The next interval to be pro
essed is the one at the head of the worklist. Therefore, the algorithm always works on the left most a
tive interval.



4 L.G. CASADO, I. GARCIA AND YA.D. SERGEYEVBounding rule: It is based on the evaluation of an in
lusion fun
tion, F (X), at theinterval X = [x; x℄ � S. F : I! I is an in
lusion fun
tion of f : R ! R,if f(X) � F (X), where f(X) is the range of f on X . In the present studythe in
lusion fun
tion of the obje
tive fun
tion is obtained by natural intervalextension [14, 19, 22℄. However, 
entered forms, slope forms [12℄ or the Taylormodels [15℄ are also feasible tools for 
omputing in
lusion fun
tions.Elimination rule: Intervals whi
h do not 
ontain the minimal root are determinedin some way. These intervals are reje
ted.Termination rule: Intervals X : w(X) � �, whi
h were sele
ted and not reje
ted,are stored in the �nal list instead of in the work list. The input parameter� determines the desired a

ura
y of the problem solution. The algorithm�nishes when the work list is empty.Three algorithms �tting in the above s
heme are dis
ussed (see Algorithms 1{3).The following notation is used in their des
ription:S: The sear
h region S = [s; s℄F : The natural interval extension of f .L: Priority Working List.Q: Final List 
ontaining a set of intervals X � S : w(X) � �and 0 2 F (X).�: Termination 
riterion. If w(X) � �, X is stored in Q.+/{ : Denote in
luding/dis
arding boxes in a list.Algorithm 1 (Roots Finder (RF)) is similar to Mit
hell's algorithm. Their maindi�eren
e is that RF does not 
ompute derivatives, while Mit
hell's algorithm usesderivatives to determine that there is only one root in X when 0 =2 F 0(X) and[F (x) � F (x)℄ � 0. The RF algorithm only uses the traditional elimination rule; i.e.it reje
ts intervals X � S : 0 62 F (X), be
ause 0 =2 f(X) is assured. In numeri
al
omparisons, RF will be used as a referen
e to measure the eÆ
ien
y of the newmethods. The set of intervals returned by Algorithm 1 is an en
losure of all the rootsof f in S. However, due to the overestimations introdu
ed by Computational IntervalArithmeti
, in general, from 0 2 F (X) it 
annot be 
on
luded that 0 2 f(X). As anexample, Figure 2.1 shows a zoom of the graphi
al output generated by the exe
utionof Algorithm 1 for the problem number 20, (see Table 3.1).
Function_20
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Fig. 2.1. Zoom of the graphi
al output generated by Algorithm 1 for the problem number 20using � = 10�2 � w(X)In Figures 2.1-2.3, evaluated intervals, X , are denoted by a box bounded by



FINDING THE MINIMAL ROOT 5Algorithm 1 : Roots Finder AlgorithmFun
t RF(S; F; �; L;Q)1. Q := fg; L := fSg Initializing Final and Work Lists2. while ( L 6= fg )3. X := Head(L)4. L := L� fXg5. if (0 2 F (X)) Traditional interval reje
tion rule6. if (w(X) � �)7. Q := Q+ fXg X belongs to the �nal solution8. else9. Bise
t (X;Xl; Xr) Xl = [x;m(X)℄; Xr = [m(X); x℄10. L := L+ fXrg+ fXlg Subintervals are stored in Head(L)11. return QAlgorithm 2 : The Minimal Root Finder AlgorithmFun
t MRF (S; F; �; L;Q)1. Q := fg; L := fSg Initializing Final and Work Lists2. while ( L 6= fg )3. X := Head(L)4. L := L� fXg5. if ( 0 2 F (X) ) Traditional interval reje
tion rule6. if ( w(X) � � )7. Q := Q+ fXg X belongs to the �nal solution8. if (GSC) L := fg GSC (Global Sign Change) test9. else10. Bise
t(X ,Xl,Xr) Xl = [x;m(X)℄; Xr = [m(X); x℄11. L := L+ fXrg+ fXlg Subinterval are stored in Head(L)12. if ( [F (xl) � F (xl)℄ � 0) ) SC (Sign Change) test13. Remove all Xi 2 L : xi � xl14. return Q[x; x; F (X); F (X)℄. Three types of boxes 
an be distinguished among the evaluatedintervals. Light grey boxes are those whi
h were reje
ted by the traditional reje
tionrule, white ones represent the set of subdivided intervals and dark grey boxes are theset of intervals in the �nal list Q whi
h de�nes the solution.Algorithm 2 (Minimal Root Finder (MRF)) is fo
used on �nding not all the rootsof the fun
tion but only the minimal one. It is 
arried out by removing from the worklist L all the intervals that are known not to 
ontain the minimal root. In additionto the traditional reje
tion rule (0 =2 F (X)), Algorithm 2 in
orporates the followingreje
tion tests:SC (Sign Change) test: An interval X : [F (x) � F (x)℄ � 0 
ontains at least oneroot, so all intervals at the right of x 
an be reje
ted (Algorithm 2, line 12).GSC (Global Sign Change) test: When an interval is stored in the �nal list andit belongs to a 
ontinuous set of �nal intervals, the SC test is applied tointerval de�ned by the whole 
ontinuous set. Noti
e that single intervals X ,that do not satisfy the SC test 
an belong to a set of 
ontinuous intervalswhi
h veri�es the GSC test. Figure 2.2 shows an example of a set of two
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Fig. 2.2. Zoom of the graphi
al output generated by Algorithm 3 for the problem number 4using � = 10�4 � w(X)intervals ful�lling GSC test.For di�erentiable fun
tions, the 
onvergen
e 
ould be a

elerated by taking ad-vantage of the quadrati
 
onvergen
e of the interval Newton method [9, 19, 20℄, orapplying the following test:EqualSignMonotoni
 test: When 0 =2 F 0(X) and [F (x) � F (x)℄ > 0, the intervalX 
an be reje
ted be
ause 0 =2 f(X).Algorithm 2 follows the traditional order of 
al
ulations proposed by Mit
hellwithout derivative evaluations: First, evaluating the in
lusion fun
tion at intervalX (F (X)); se
ond, the value of the fun
tion at x (F (x)); noti
e that F (xl) is onlyevaluated for the �rst interval Xl � S : xl = s be
ause for the other intervals X � S,F (x) has previously been evaluated. Nevertheless for the problem of �nding theminimal root of a fun
tion, this is not ne
essarily the most appropriate order. In thiswork we propose to use the opposite order based on the assumption that intervals Xverifying that 0 2 [F (x) � F (x)℄ also verify that 0 2 F (X), so it is not ne
essary toevaluate F (X).The new version of the minimal root �nder algorithm with the reordered intervalevaluations (
alled MRFro) is des
ribed by Algorithm 3. In Algorithm 2, F (X) isevaluated (line 5) before 
arrying out the interval point evaluation (F (x) �F (x)) (line12). For a sele
ted interval X , F (X) is always evaluated. In Algorithm 3, an intervalpoint evaluation is done in line 6, before evaluating F (X) in line 9. Now, if the
ondition in line 6 is satis�ed, F (X) is not evaluated.As an example, in Figure 2.3, graphi
al representations of the exe
ution of RF,MRF and MRFro algorithms are shown. A dot on the pro�le of the fun
tion at xmeans that F ([x; x℄) has been evaluated. Verti
al dashed lines highlight when algo-rithms (MRF and MRFro) take advantage of the information provided by F ([xi; xi℄)to eliminate those intervals X : x � xi.3. Numeri
al 
omparison of the methods working with a single fun
-tion. In this Se
tion, in order to illustrate the performan
e of MRF and MRFro in
omparison with RF, a series of numeri
al experiments is presented. Evaluations ofthe 
omputational 
ost of RF, MRF and MRFro were made by using a set of fortytest fun
tions, whose des
ription is given in Table 3.1, where the following notationsfor 
olumn headers is used:N : Index of the fun
tion (for further referen
es).
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Fig. 2.3. Graphi
al results from the exe
ution of several versions of root �nder and the minimalroot �nder algorithms (� = 0:02 �w(X)). From top to bottom and left to right: algorithms RF, MRFand MRFro.MR : Lo
ation of the minimal root of the fun
tion rounded to four de
imal digits.NR : Number of roots of f in S.NM : Number of lo
al extrema (max. and min.).It 
an be seen in Table 3.1 that all the test fun
tions are multiextremal, most ofthem 
ontain several roots, and thirteen of the fun
tions have one or several pointsof non-di�erentiability.Table 3.2 shows numeri
al results obtained from exe
utions of the previouslydes
ribed algorithms applied to the set of fun
tions in Table 3.1. Columns withheader IE refer to the number of interval fun
tion evaluations 
arried out by the
orresponding algorithm, as an indi
ator of the 
omputational e�ort applied to solve(1.1). Columns NS spe
ify the number of isolated solutions found by the algorithmsusing the format x+y, where x is the number of solutions without a veri�ed zero, andy is the number of solutions with a veri�ed zero. Columns NQ provide informationon the number of intervals in the �nal list. Noti
e that when NS = 0 + 1 or NS =1 + 0, the a

ura
y of the solution is a
tually � � NQ. Columns with headers RF,MRF, and MRFro provide numeri
al results obtained by Algorithms 1, 2, and 3,respe
tively. Figures at the bottom row show the average values of the number ofinterval evaluations.For fun
tions without zero 
rossing points, all the algorithms 
ompute almostthe same number of interval evaluations. An ex
eption happens for fun
tion N=33,where RF is better than the remaining algorithms. This is be
ause MRF and MRFroalgorithms do not eliminate any interval by the SC or GSC tests.



8 L.G. CASADO, I. GARCIA AND YA.D. SERGEYEVAlgorithm 3 : The Minimal Root Finder reordered AlgorithmFun
t MRFro (S; F; �; L;Q)1. Q := fg; L := fSg Final and Work Lists2. while ( L 6= fg )3. X := Head(L)4. L := L� fXg5. Reje
ted := True The 
urrent interval 
ould be reje
ted6. if ( [F (x) � F (x)℄ � 0 ) SC (Sign Change) test7. Remove all Xi 2 L : xi � x8. Reje
ted := False9. elsif ( 0 2 F (X) ) Traditional interval reje
tion rule10. Reje
ted := False11. if (Reje
ted = False)12. if ( w(X) � � )13. Q := Q+ fXg X belongs to the �nal solution14. if (GSC) L := fg GSC (Global Sign Change) test15. else16. Bise
t (X ,Xl,Xr) Xl = [x;m(X)℄; Xr = [m(X); x℄17. L := L+ fXrg+ fXlg Subintervals are stored in Head(L)18. return QFor three out of four of the fun
tions with only one root (8; 20; 22), RF outperformsMRF but is worse than MRFro. Of 
ourse, for fun
tions with several roots RF workssigni�
antly worse than the rest of the algorithms be
ause it was designed to �nd allthe roots of the fun
tion. It 
an be seen in Table 3.1 that MRFro is 
omputationallyless expensive than MRF for all the fun
tions with at least root in the sear
h spa
e.Nevertheless, no di�eren
e 
an be found in the values of NS or NQ obtained byMRF and MRFro algorithms. For fun
tions without roots in the sear
h spa
e all thealgorithms are 
omputationally very inexpensive.In order to use the EqualSignMonotoni
 test, derivative evaluations were in-
luded in the MRFro algorithm (MRFro+). In addition, uniqueness 
an be ver-i�ed using derivative information for those intervals at the �nal list Q su
h thatF (x) � F (x) � 0 AND 0 =2 F 0(X). Noti
e that MRFro+ evaluates F 0(X) and F (X)only when F (x) � F (x) > 0. The version of Mit
hell's algorithm implemented doesnot in
lude 
onventional numeri
al methods for the root re�nement. However, it in-
ludes the EqualSignMonotoni
 test by evaluating F (x) � F (x) only when 0 =2 F 0(X)or X 2 Q. Hen
e, the only di�eren
e between both algorithms 
onsists of the orderof 
omputations 
arried out on any interval. For Mit
hell's algorithm the orderingis F (X); F 0(X) and F (x) � F (x), while for the MRFro+ algorithm is the opposite:F (x) � F (x), F 0(X) and F (X). The SC and GSC tests have also been in
luded inMit
hell's algorithm be
ause the stopping 
riterion to �nd the minimal root was notspe
i�ed in [17℄. For both algorithms, when 0 =2 F 0(X), F 0(Y ) : Y � X is notevaluated be
ause 0 =2 F 0(Y ) is assured.In Table 3.2 numeri
al results obtained by MRFro+ and Mit
hell's algorithm areshown. Exe
utions were 
arried out only for the subset of fun
tions in Table 3.1whi
h do not have any point of non di�erentiability. It 
an be seen that for severalfun
tions, the number of interval fun
tion evaluations 
arried out by the MRFroalgorithm (without monotoni
ity test) is lower than those 
omputed by Mit
hell's



FINDING THE MINIMAL ROOT 9Table 3.1Des
ription of the test fun
tions. Fun
tions marked with B have points of non-di�erentiabilityover S = [0:2; 7℄. They are ordered by their minimal root. In Appendix A fun
tions are graphi
allyshown. N Fun
tion f(x) MR NR NM1 �esin(3x) + 2 0.2553 7 92 ln(3x) ln(2x)� 0:1 0.2804 2 3B 3 ( 
os(5x) x � 3�=2
os(x) otherwise 0.3142 8 104 �P5k=1 k sin[(k + 1)x+ k℄ + 3 0.4893 10 155 e�x sin(2�x) 0.5000 14 15�P10k=1 1=jki(x� ai)j+ 
i) + 10 0.6426 4 15B 6 a=(3.040,1.098,0.674,3.537,6.173,8.679,4.503,3.328,6.937,0.700)k=(2.983,2.378,2.439,1.168,2.406,1.236,2.868,1.378,2.348,2.268)
=(0.192,0.140,0.127,0.132,0.125,0.189,0.187,0.171,0.188,0.176)7 x+ sin(5x) 0.8209 2 138 �x+ sin(3x) + 1 1.0354 1 9B 9 ( sin(3x) x � 57x2 � 14x� 100 otherwise 1.0472 4 810 
os(x) + 2 
os(2x)e�x 1.1407 2 411 �px sin(x) + 1 1.1748 3 412 (x2 � 5x+ 6)=(x2 + 1)� 0:5 1.2583 1 313 (3x� 1:4) sin(18x) + 1:7 1.2655 34 4214 sin(x) 
os(x)� 1:5 sin2(x) + 1:2 1.3408 4 715 (x+ 1)3=x2 � 7:1 1.3646 2 3B 16 �jx sin(x)j+ 1:5 1.5034 5 6B 17 8><>: x2 + 0:5 x � 15 sin(2�x) + 1:5 1 < x � 3x2 � 8x+ 16:5 otherwise 1.5485 4 818 
os(x)� sin(5x) + 1 1.5708 6 13B 19 ( 
os(5x) 3�=2 � x � 5�=2
os(x) otherwise 1.5708 5 720 �x� sin(3x) + 1:6 1.9686 1 921 x sin(x) + sin(10x=3) + ln(x)� 0:84x+ 1:3 2.9609 2 622 �0:5x2 ln(x) + 5 3.0117 1 2B 23 xj sin(x)j � 0:02 3.1352 4 624 2 sin(x)e�x 3.1416 2 4B 25 ( sin(x) x � �sin(5x) otherwise 3.1416 7 926 px sin2(x) 3.1416 2 6B 27 ( sin(x) sin(x) > 
os(x)
os(x) otherwise 3.1416 2 628 2(x� 3)2 � ex=2 + 5 3.2811 2 429 ( sin(5x) + 2 x � �5 sin(x) + 2 x > � 3.5531 2 830 P5k=0 k 
os[(k + 1)x+ k℄ + 12 4.7831 2 1531 P5k=1 � 
os[(k + 1)x℄ + 4 6.1304 2 14B 32 j sin3(x) 
os3(x)j+ 0:1 - - 10B 33 8><>: �x+ 4 x � 3�8=9x2 + 8x� 15 3 < x < 6x� 5 otherwise - - 5B 34 j sin(x) + 
os(x)j+ 0:3 - - 6B 35 x+ j sin(x) 
os(x)j - - 1036 �esin(x) + 4 - - 437 esin(3x) - - 938 2 
os(x) + 
os(2x) + 5 - - 639 �x sin(x) + 5 - - 440 �e�x sin(2�x) + 1 - - 13



10 L.G. CASADO, I. GARCIA AND YA.D. SERGEYEVTable 3.2Numeri
al results for algorithms. � = w(S) � 10�15.RF MRF MRFro MRFro+ Mit
hellN IE NS NQ IE NS NQ IE NS NQ N IE NS NQ IE NS NQ1 675 7+0 10 124 0+1 1 77 0+1 1 1 80 0+1 1 126 0+1 12 191 2+0 2 123 0+1 1 77 0+1 1 2 83 0+1 1 125 0+1 13 763 8+0 14 122 0+1 1 74 0+1 1 34 2207 10+0 39 214 0+1 2 163 0+1 2 4 92 0+1 2 131 0+1 25 1333 14+0 19 125 0+1 1 76 0+1 1 5 77 0+1 1 127 0+1 16 883 8+0 11 122 0+1 1 78 0+1 1 67 287 2+0 4 192 0+1 1 146 0+1 1 7 100 0+1 1 131 0+1 18 105 1+0 1 125 0+1 1 75 0+1 1 8 75 0+1 1 127 0+1 19 397 4+0 5 132 0+1 1 82 0+1 1 910 255 2+0 4 189 0+1 2 134 0+1 2 10 92 0+1 2 139 0+1 211 349 3+0 5 130 0+1 1 81 0+1 1 11 82 0+1 1 132 0+1 112 241 1+0 2 194 0+1 2 144 0+1 2 12 98 0+1 1 138 0+1 113 3137 34+0 54 135 0+1 1 91 0+1 1 13 103 0+1 1 137 0+1 114 519 4+0 8 128 0+1 1 79 0+1 1 14 80 0+1 1 127 0+1 115 1441 2+0 18 616 0+1 6 564 0+1 6 15 141 0+1 2 162 0+1 216 575 5+0 8 123 0+1 1 73 0+1 1 1617 451 4+0 5 125 0+1 2 75 0+1 2 1718 803 6+0 12 127 0+1 2 81 0+1 2 18 88 0+1 2 129 0+1 219 487 5+0 11 127 0+1 2 76 0+1 2 1920 133 1+0 1 173 0+1 1 123 0+1 1 20 112 0+1 1 163 0+1 121 491 2+0 9 160 0+1 2 106 0+1 2 21 107 0+1 2 153 0+1 222 101 1+0 2 127 0+1 2 76 0+1 2 22 76 0+1 2 129 0+1 223 369 4+0 7 121 0+1 1 80 0+1 1 2324 201 2+0 3 126 0+1 1 76 0+1 1 24 78 0+1 1 128 0+1 125 677 7+0 13 133 0+1 2 79 0+1 2 2526 201 2+0 3 302 2+0 3 298 2+0 3 26 398 2+0 3 310 2+0 327 199 2+0 3 126 0+1 1 76 0+1 1 2728 1051 2+0 13 205 0+1 2 155 0+1 2 28 103 0+1 1 138 0+1 129 199 2+0 2 127 0+1 1 77 0+1 1 2930 265 2+0 5 204 0+1 3 154 0+1 3 30 124 0+1 2 154 0+1 231 209 2+0 4 143 0+1 2 93 0+1 2 31 102 0+1 2 145 0+1 232 1 0+0 0 2 0+0 0 2 0+0 0 3233 39 0+0 0 59 0+0 0 59 0+0 0 3334 1 0+0 0 2 0+0 0 2 0+0 0 3435 1 0+0 0 2 0+0 0 2 0+0 0 3536 1 0+0 0 2 0+0 0 2 0+0 0 36 3 0+0 0 1 0+0 037 1 0+0 0 2 0+0 0 2 0+0 0 37 3 0+0 0 1 0+0 038 1 0+0 0 2 0+0 0 2 0+0 0 38 3 0+0 0 1 0+0 039 3 0+0 0 5 0+0 0 5 0+0 0 39 7 0+0 0 4 0+0 040 1 0+0 0 2 0+0 0 2 0+0 0 40 3 0+0 0 1 0+0 0M. 481 130 93 M. 89 118algorithm, but for fun
tion N=15, MRFro is almost �ve times more expensive thanMit
hell's and MRFro+ algorithms.In many 
ases MRFro+ is 
omputationally less expensive than Mit
hell's algo-rithm. Only for fun
tion N = 26, Mit
hell's algorithm 
learly outperforms MRFro+.This is due to the fa
t that the fun
tion N = 26 is non negative but has two roots inthe sear
h region. The rest of the fun
tions where Mit
hell's algorithm outperformsMRFro+ do not have any roots, and so intervals were reje
ted only by the traditionalreje
tion rule. In this 
ase MRFro+ 
arries out more evaluations of the in
lusion fun
-tion be
ause the fun
tion is evaluated at the bounds of the interval before 
omputingthe value of F (X).
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Fig. 3.1. Graphi
 representation of the data 
ontained in Table 3.2.Summing up, numeri
al results have shown that on average MRFro is almost 30%faster than MRF, and MRFro+ is 24% faster than Mit
hell's algorithm. It meansthat the sequen
e of evaluations (F (x) � F (x)), F 0(X) and F (X), produ
es a faster
onvergen
e to the solution. From our point of view, these results are related to thefa
t that the overestimations produ
ed by Interval Arithmeti
 usually de
rease withthe width of the interval; i.e. the most pre
ise information is obtained from intervals[x; x℄. Therefore, it is better to make de
isions based on the evaluation of F ([x; x℄)than on the evaluation of F (X).4. Extending the MRFro algorithm for �nding the minimal root of sev-eral fun
tions. This se
tion is devoted to analyzing several algorithmi
 solutions tothe problem (1.3). The simplest and 
omputationally most expensive way to solvesu
h a problem 
onsists of de
omposing the problem into p independent (1.1) prob-lems, solving them by the above des
ribed algorithms and keeping the minimum valueof the set ft�i ; i = 1; : : : ; pg of individual solutions.However, there exist several ways to improve this 
oarse approa
h. In this se
-tion, an extension of the MRFro algorithm (MRFroEx) that solves problem (1.3) isanalyzed. The main idea in our algorithm 
onsists of using the information obtainedfrom any of the fun
tions to determine the set of intervals where a solution 
annot befound; thus redu
ing the sear
h domain asso
iated to all the fun
tions. Our proposalfor solving (1.3) is des
ribed by Algorithm 4, where ea
h fun
tion Fi; i = 1; : : : ; p, hasasso
iated its own work list (Li) and �nal list (Qi). The algorithm iterates sequentiallyuntil all the work lists Li be
ome empty.At every iteration, the algorithm will work on an interval X , sele
ted from thesubset of intervals whi
h verify that x = min fxj ; 8Xj 2 Li; 8 i = 1; : : : ; pg, ensuringthat the sear
h is fo
used on �nding the minimal root. If the subset 
ontains several



12 L.G. CASADO, I. GARCIA AND YA.D. SERGEYEVAlgorithm 4 : MRFro algorithm for a set of p fun
tions (MRFroEx)Fun
t MRFroEx(S = [s; s℄; F1; : : : ; Fp; �; L1; : : : ; Lp; Q1; : : : ; Qp)1. Qi := fg; Li := fSg; i = 1; : : : ; p Initializing Work and Final Lists2. smin := s; smax := s A
tive sear
h region3. while ( 9Lj 6= fg : j = 1; : : : ; p )4. for ( Lj : Lj 6= fg and smin = y : Y = Head(Lj) )5. X := Head(Lj)6. Lj := Lj � fXg7. Reje
ted := False The 
urrent interval 
ould be reje
ted8. if (not Eval(Fj(x)) or (Eval(Fj(x)) and Fj(x) � Fj(x) > 0))9. if ( 0 =2 Fj(X) )10. UpdateSmin(smin; L1; : : : ; Lp; s)11. Reje
ted := True12. if ( Reje
ted = False )13. if ( w(X) � � )14. UpdateSmin(smin; L1; : : : ; Lp; s)15. Qj := Qj + fXg16. if (GSC) GSC (Global Sign Change) test17. smax = x18. UpdateLists(smax; L1; : : : ; Lp)19. else20. Improve := UpdateSmax(smax; X)21. Bise
t(X;Xl; Xr)22. Lj := Lj + fXrg+ fXlg23. if ( Improve )24. UpdateLists(smax; L1; : : : ; Lp) SC (Sign Change) test25. return Q := Q1; : : : ; QpAlgorithm 5 : Che
k the update of the value of sminPro
 UpdateSmin(smin; L1; : : : ; Lp; s)1. smin := s2. for ( i := 0 : : : p )3. if ( Li 6= fg )4. X := Head(Li)5. if ( x < smin )6. smin := xintervals, the sele
tion of the obje
tive interval is made by an a priory establishedorder.The a
tive sear
h region is de�ned by the interval [smin; smax℄ where the solutionof (1.3), if any, 
an be found. Therefore, at the beginning smin=s and smax=s (line 2)and during the exe
ution of the algorithm smin = minfxj ; 8Xj 2 Li; 8 i = 1; : : : ; pgand smax = maxfxj ; 8Xj 2 Li; 8 i = 1; : : : ; pg. The a
tive interval, [smin; smax℄, isupdated at every iteration (see Algorithms 5 and 6).The algorithm takes advantage of the information obtained from one of the fun
-tions to redu
e the sear
h domain of the remaining fun
tions. If a fun
tion fi veri�esthe SC test or GSC test in an interval X , it 
an be assured that the minimal root islo
ated at a point y : y � x, so the a
tive region 
an be updated (smax = x), and
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k the update of the value of smaxFun
t UpdateSmax(smax; X)1. Improve := False2. if ( F (x) � F (m(X)) � 0 )3. smax := m(X)4. Improve := True5. return ImproveAlgorithm 7 : Update the work lists based on smaxPro
 UpdateLists(smax; L1; : : : ; Lp)1. for ( i := 0 : : : p )2. if ( Li 6= fg )3. Remove Xj 2 Li : xj � smax4. if ( Li 6= fg ) There is only one interval in the list5. X := Head(Li)6. X := [x; smax℄Algorithm 8 : Che
k the update of the value of smax and repeat the pro
ess on[x;m(X)℄ if F (x) � F (m(X)) � 0)Fun
t UpdateSmax2(smax; X)1. Improve := False2. while ( w(X) > � and (F (x) � F (m(X)) � 0) )3. smax := m(X)4. X := [x; smax℄5. Improve := True6. return Improvethe sear
h spa
e on the right of x 
an be eliminated from all the working lists Li.This is made by removing the intervals Xj : xj � smax and redu
ing the intervalsXj : smax 2 Xj , to [xj ; smax℄, 8Xj 2 Li; 8Li.On the other hand, the value of smin will only be 
hanged if the traditionalelimination rule is able to dis
ard the full subset of intervalsX verifying that x = smin.MRFroEx algorithm 
omputes two kinds of interval fun
tion evaluations: F (X)and F (m(X)); when working on fun
tion Fj , Fj(X) will only be evaluated if the valueof Fj(x) is not known (not Eval(Fj(x)), line 8 in Algorithm MRFroEx) or Fj(x) isknown and X does not satisfy the SC test. The situations where the value of Fj(x) isnot known appear when X = S or a fun
tion fi, i 6= j, previously examined, veri�edthat Fi(x) � Fi(x) � 0. In both 
ases Fj(x) is not evaluated be
ause the informationprovided does not allow redu
tion of the sear
h spa
e. If X was not eliminated fromthe work list Lj , Fj(m(X)) is evaluated if w(X) > �.Algorithm MRFroEx has been designed as an extension of MRFro for workingon a set of p fun
tions. In a similar way, an extended version of MRF (MRFEx) forworking on a set of p fun
tions has been implemented.A possible improvement of the Algorithm 4 
onsists of repeatedly updating thevalue of smax using the same interval from the same fun
tion until smax 
annot beimproved, instead of moving 
omputations to the following available fun
tion. Byin
orporating this idea in the algorithm MRFroEx, the new algorithm MRFroEx-II



14 L.G. CASADO, I. GARCIA AND YA.D. SERGEYEVTable 5.1Number of interval fun
tion evaluations for algorithms MRFEx (
olumn A), MRFroEx (
olumnB) and MRFroEx-II (Column C). A

ura
y was � = w(S) �10�15 for all the 
ases. Numeri
al resultswere obtained for three di�erent orders of the set of fun
tions. Row at lo
ation i 
ontains numeri
alresults of the new algorithms using a subset of i fun
tions; the subset of fun
tions spe
i�es in 
olumnN from row 1 to row i.Ordered form 1 to 40 Ordered from 40 to 1 Randomly orderedN A B C N A B C N A B C1 124 77 77 40 2 2 2 19 127 76 762 137 92 88 39 7 7 7 4 220 168 1663 147 101 97 38 9 9 9 6 226 174 1704 149 104 106 37 11 11 11 39 228 176 1725 155 109 104 36 13 13 13 24 232 180 1746 161 115 108 35 15 15 15 12 236 185 1787 167 121 112 34 17 17 17 2 153 106 968 157 112 107 33 76 76 76 29 155 108 989 161 116 111 32 78 78 78 37 157 110 10010 165 120 115 31 218 168 168 11 161 114 10411 167 122 117 30 279 229 229 26 163 116 10612 171 126 121 29 196 146 146 34 165 118 10813 175 130 125 28 284 234 234 27 167 120 11014 177 132 127 27 206 156 156 17 171 124 11415 181 136 131 26 328 278 231 21 177 130 11816 183 138 133 25 380 354 306 28 179 132 12017 185 140 135 24 447 421 381 22 181 134 12218 187 142 137 23 283 236 239 5 187 140 12619 189 144 139 22 270 220 221 15 193 146 13020 193 148 143 21 302 249 250 36 195 148 13221 197 152 147 20 308 258 258 9 183 137 13722 199 154 149 19 270 220 221 7 187 141 14123 201 156 151 18 348 319 298 8 191 145 14524 203 158 153 17 290 242 245 40 193 147 14725 205 160 155 16 292 245 248 31 195 149 14926 207 162 157 15 784 732 733 32 197 151 15127 209 164 159 14 347 299 300 1 205 160 15528 211 166 161 13 356 309 307 30 207 162 15729 213 168 163 12 414 366 361 23 209 164 15930 217 172 167 11 350 303 301 33 211 166 16131 219 174 169 10 404 353 356 35 213 168 16332 221 176 171 9 331 283 285 3 213 169 16533 223 178 173 8 343 295 297 18 215 171 16734 225 180 175 7 381 333 335 25 217 173 16935 227 182 177 6 303 256 256 16 219 175 17136 229 184 179 5 256 209 210 13 221 177 17337 231 186 181 4 353 304 308 20 223 179 17538 233 188 183 3 251 205 209 14 225 181 17739 235 190 185 2 251 206 211 38 227 183 17940 237 192 187 1 257 213 219 10 229 185 181was obtained. This is simply made by using Algorithm 8 instead of Algorithm 6(Algorithm 4, line 20).5. Numeri
al experiments with the algorithms �nding the minimalroot of several fun
tions. Implementations of the methods1 MRFEx, MRFroEx,and MRFroEx-II have been 
arried out and tested by using the set of fun
tions de-s
ribed in Table 3.1. Performan
e evaluations for MRFEx, MRFroEx, and MRFroEx-II are shown in Table 5.1, and a graphi
al representation of the same experimentalresults is shown in Figure 5.1.Table 5.1 and Figure 5.1 
ontain the results of three series of experiments. All1The 
ode is available from the authors.
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Fig. 5.1. Graphi
 representation of the data 
ontained in Table 5.1.the algorithms were tested for forty di�erent values of p (number of fun
tions in theset, p = 1; 2; 3; : : : ; 40).� In the �rst series, the set 
ontaining p test fun
tions in
ludes fun
tions N =1; : : : ; p. For example, data in the third row (N = 3), means that the set oftested fun
tions were 1, 2, and 3. These data are shown in the �rst subtable ofTable 5.1 and at the upper left hand graph of Figure 5.1. Noti
e that fun
tionsare ordered by the lo
ation of their minimal root. When p in
reases, a slowlybut almost linear in
rease of the number of fun
tion evaluations is observed.This is mainly due to the improvements in the value of smax, whi
h aftera few iterations is small enough and the resulting a
tive interval does not
ontain the minimal roots for most of the fun
tions. These fun
tions will beina
tive in a few iterations due to the traditional elimination rule.� In the se
ond series, the sets of fun
tions were built in a de
reasing orderbased on the values of N , always starting with N = 40. For example, the set
ontaining three fun
tions (3rd row) in
ludes fun
tions N = 40; 39; 38, andso on. These data are shown in the se
ond subtable of Table 5.1 and at the



16 L.G. CASADO, I. GARCIA AND YA.D. SERGEYEVupper right hand graph of Figure 5.1. In this series of experiments, the lastfun
tion in the set 
ontains the solution of the problem (1.3). Therefore, atthe end of the sear
h, algorithms usually work only on that fun
tion alone.Similarly to the previous 
ase, the number of evaluations made on the fun
tionwith the minimal root will be an important fa
tor in the �nal result. Twosigni�
ant parti
ular 
ases 
an be distinguished in the data: when the lastfun
tion is number 15 and when the last fun
tion is number 24. In the �rst
ase, the number of interval evaluations is signi�
antly in
reased be
ause theoverestimations of the real range obtained by the in
lusion fun
tion are verylarge. Only when the intervals are very small 
an they be reje
ted by thetraditional elimination rule. The number of evaluations 
an be redu
ed ifmonotoni
ity test is used, as was shown in Table 3.2. In the se
ond 
ase,fun
tions 27, 26, 25, and 24 have the same value of their own minimal root inthe sear
h region. Therefore, the algorithms have to work on all of them allthe time, with a 
orresponding in
rease in the number of interval evaluations.� In the third series of experiments, the set of fun
tions were randomly ordered,and a set with p fun
tions were built by taking the p �rst fun
tions. Thesedata are shown in the third subtable of Table 5.1 and at the bottom graphof Figure 5.1. These experiments have been introdu
ed be
ause, usually,the order of the fun
tions, based on lo
ation of the minimal root, is not apriory known. As in the previous 
ases, in these experiments, the ordering ofthe fun
tions and the fun
tion having the minimal root in the set, are veryimportant for improving the value of smax and for redu
ing the number ofinterval fun
tion evaluations.By 
omparing the three algorithms, it 
an be observed that MRFroEx-II andMRFroEx versions are always faster than the MRFEx one, as 
ould be expe
tedfrom the results shown in Se
tion 3. Only small di�eren
es between MRFroEx andMRFroEx-II 
an be noti
ed.Numeri
al results show that the strategy investigated here to solve problem (1.3)exhibits a fast 
onvergen
e.6. Con
lusion. Two problems very often arising in several s
ienti�
 and engi-neering appli
ations have been 
onsidered in this paper. The �rst problem 
onsists of�nding the minimal root of an analyti
 one-dimensional fun
tion over a given interval.It is supposed that the obje
tive fun
tion 
an be multiextremal and non-di�erentiable.Two new algorithms have been proposed to solve this problem. The novelty ofthe new methods lies in improving the elimination 
riteria and the order in whi
hinterval and point evaluations are exe
uted. The �rst algorithm (MRF) 
on
entratesits attention on �nding the �rst root instead of looking for all the roots as traditionalmethods do. The se
ond method (MRFro) adds an additional a

eleration to thesear
h by introdu
ing the following idea.Traditional algorithms for �nding roots of equations evaluate �rst F (X), thenF 0(X), and, �nally, F ([x; x℄) in a point x. In this paper, it has been shown that it isbetter to 
arry out F ([x; x℄) evaluations �rst (mainly when there is at least one rootin the sear
h region). This new order of evaluation a

elerates the sear
h be
ause theevaluation of the in
lusion fun
tion obtained by interval arithmeti
 usually produ
esoverestimations of the real range of the fun
tion, due to the de�nition of operationsin the Interval Arithmeti
 and also to the outward rounding used by ComputationalInterval Arithmeti
. Usually this overestimation de
reases linearly with the width ofthe interval. Thus, the most pre
ise information 
an be obtained from intervals [x; x℄.



FINDING THE MINIMAL ROOT 17Therefore, when the length of the interval X is greater than zero, it is better to startevaluating F ([x; x℄) than F (X).For problems with multiextremal and di�erentiable obje
tive fun
tions, an exten-sion of the method MRFro { the algorithm MRFro+ { has been proposed. Numeri
alexperiments 
arried out on a wide set of test fun
tions demonstrate a quite satisfa
-tory performan
e of the three new algorithms in 
omparison with methods taken fromliterature.The se
ond problem 
onsidered in the paper is a generalization of the �rst oneand deals with the sear
h of the minimal root in a set of N multiextremal and non-di�erentiable fun
tions. The methods proposed for solving the �rst problem havebeen generalized for solving the se
ond. The main idea of the generalization is insimultaneous work with all N fun
tions on the same sear
h domain. The sear
hinformation obtained from any of the fun
tions is immediately applied to all thefun
tions and allows us to redu
e the sear
h domain for all of them. Numeri
alexperiments have shown that this idea signi�
antly a

elerates the sear
h.A
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